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Ficure 4. Stock risk premium and price volatility under symmetric information and market
structure Il [parameters have the following valugs= 0.1, y =20,r =0.06,ac = —0.2,
ay=-0.2,a;,=-0.5,0p =0.7,06=0.6,0, =0.5,0ny =0.22,kpny = 0.5, ,31 =(0,1, l)/,
andg, = (0, 0, 0)'].

that only investor 1 is informed and exposed to nontraded income. Without loss of
generality, assume investor 2's private sigbalcontains no useful information.
Therefore, he learns his information only from the cash flows and market prices of
the traded securities. Formall§, = ]-“t{P’C’ C Fi1.t = Ft. The actual information
content of 7> ; now crucially depends on the market structure.
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Ficure 5.Change of stock risk premium and price volatility from market structure I to Il un-
der symmetric information [parameters have the following valpes0.1,y = 20,r =0.06,
ag=-02,ay=-0.2,a;,=-0.5, 0p=0.7, 06 =0.6, 0, =05, oy =0.22, kpy =0.5,
B1=(0,1,1),andB, = (0,0, 0)].

6.1. Equilibrium Under Market Structure |

The equilibrium of the economy under market structure | again can be stated as
a special case of the general results in Theorem 1. As noted in Section 3, the
state vector in general includes investor 2's estimaiewf the unobserved state
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variablesX; = stacKG, Y;, Z;}. The stock price reveals a linear combination
of these variablesA§ — A3)X;. Thus,(A§ — A3)Xi = (A§ — A3) X, or (A —
13)A¢=0. Only two degrees of uncertainty remain in investor 2’'s estimation
error. In particularAz = Z. — Z; can be expressed as a linear combination of
Ag = Gi—GiandAy =Y, —Y;. Incorporating this observation into our description
of the equilibrium, we have the following corollary.

COROLLARY 3. Under market structure, lwhen Fy =7, For = F ),
B1=(0,1,1Y,8,=(0,0,0), andw is close tol, the economy has a linear sta-
tionary equilibrium in which investor i’s policies and the stock price are

1 -~
S =Gy +1%Xyy,
r —ag) ’

65 =hiXis,  Cu=rWi— (1/20)Xi v Xie — @/y) Inr,

where X% =stack1, Y, Z;, Ag, Ay}, Xor =stacKl, Yy, Zi); AS= (A5, A5, A8,
A3y A5y), hi=(h1o, hiv, hiz, hiag, hiav), ha = (hao, oy, h27), v1, and
vp are determined by10b), (14), (15)and(16).

An important characteristic of the equilibrium is the information asymmetry
between the two investors, measured by the conditional standard deviation of in-
vestor 2's estimation of the unobserved state variablesotet = {E[(G; —

Gt)? | F21]}Y? denote the information asymmetry concerning future stock pay-
offs, andoyy = {E[(Y; — Y0? | Fo ]} andozz = (E[(Z; — Z1)? | Fad}V/?
denote the information asymmetry concerning investor 1's hedging need.

Figure 6 plotsogg andoyy againstoy and w. The plot forozz is omitted
here because its behavior is similar to thabef. Increasingy, the population
weight of class-1 (informed) investors, has two offsetting effects on the information
asymmetry between the two classes of investors. On one hand, as more informed
traders take speculative positions, more information is incorporated into the prices.
On the other hand, there is also more hedging trade in the market because only
class-1 investors are endowed with nontraded income. The increase in hedging
trade introduces additional movements in the stock price that are unrelated to its
payoffs, making prices less informative about class-1 investors’ private information
on future stock payoffs. The net chang®i asw increases depends on which of
these two effects dominates. In the case shown in FiguregAincreases with
. The change obyy can be analyzed similarly.

Increasingy, the volatility of investor 1's exposure to nontraded income always
increase®g . Higheroy gives rise to more volatile hedging trade from investor
1, and thus reduces the amount of information revealed through stock trading on
future stock payoffs. The impact of increasimngon oy is, however, ambiguous.

On the one hand, the highey increases the unconditional uncertainty abgut

On the other hand, the price of the stock, now more driven by investor 1's hedging
trade, also becomes more informative abgutThe trade-off between these two
effects determines the net changeyy whenoy increases. For the current set of
parameters, the first effect dominates ang increases witlay .
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Ficure 6. Conditional standard deviation &; andY; for investor 2 under market structure
| and asymmetric information (parameters have the following valpes0.1, y =20,

r =0.06, ag = -0.2, ay = -0.2, az = —-0.5, Op = 0.7, oG = 0.6, oz = 0.5, oN = 0.22,
kpn =0.5,8.=(0, 1, 1), andB, = (0, 0, 0)'].

Figure 7 illustrates how the stock risk premium and price volatility change with
oy andw. Comparing it with Figure 2, we note that the behavior of the equilibrium
price under asymmetric information resembles that under symmetric information
for largew, but differs significantly whewm is small. In particular, for small values
of w, the risk premiumA5| and price volatilityos both increase withry under
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Ficure 7. Stock risk premium and price volatility under market structure | and asymmetric
information [parameters have the following valugs=0.1, y =20,r =0.06,ac = —0.2,
ay=-0.2,a;,=-0.5,0p =0.7,06 =0.6,07, =0.5,0ny =0.22,kpny = 0.5, /31 = (0, 1, 1)/,
andg, = (0, 0, 0)'].

symmetric information (see Figure 2). But under asymmetric information, the risk
premium increases witty and price volatility decreases (see Figure 7).
Increasingry has two effects on the stock price under asymmetric information.
First, similar to the case of symmetric information, it tends to increase the stock
risk premium and price volatility because of the increase in allocational trade. The
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effect is stronger the larger thatis, because more class-1 investors are trading
the stock to hedge their nontraded risk. Second, increasimgduces the amount

of information that investor 2 can extract from the security prices about future
stock payoffs, as reflected by the increasedia shown in Figure 6. Hence, in-
vestor 2 demands a higher premium on the stock to compensate for the increase
in his perceived uncertainty. Also, less information tends to reduce the variability
of investor 2’'s expectation d&; and thus reduces the price volatility. Thus, in-
creasingoy tends to increase the risk premium and decrease the price volatility.
This information effect is stronger whenis small and the information asymme-

try between the two classes of investors is large. The net impact of incregsing
depends on the combination of the allocational and informational effects. ¥hen

is large, the allocational effect dominates and the equilibrium stock price behaves
similar to that under symmetric information. For small values ghe information
effect dominates, the stock risk premium increases wyittand its price volatility
decreases withy.

6.2. Equilibrium Under Market Structure 11

As the collar is introduced, the prices of the stock and the collar provide two
endogenous signals aba¥t = (Gy, Y;, Z¢)', in particular,(A3 — A3)A¢ =0 and

(K —a)A;=0. Thus, only one degree of uncertainty remains in investor 2's
estimation, and\y, Az can be expressed as linear functiong\gf. We have the
following corollary.

COROLLARY 4. Under market structure Il, whetFy ; = 7, Fop = F <,
B1=(0,11), 8.=(0,0,0), andw is close tol, the economy has a lineagsta-
tionary equilibrium in which

1 ~ o 1 .y~
§ = — Gy + 25Xy, Hi= ——Gt + 21 Xy,
(r—ag) (r —ag)
by = i Xy, Gt =W — (1/2p)Xi ¢'vi iy — (1/y) Inr,

where i=1,2, X1 =stacL, Y, Zi, Ag}, Xo=stackl, Y, Zi}; A5= (1,23,
23, A36) At =@ A8, a8 a0, hi=(hyo, hey, hyz, hiac), ho = (hoo, Moy,
h, 2), v1, andv, are determined byl10b), (14), (15)and(16).

Again, we first examine the information asymmetry between the two investors.
Figure 8 plotos g andoy y for different values oéy andw. The intuition obtained
under market structure | applies here as well. Now that investor 2 receives signals
both from the stock price and from the collar price, in addition to the two effects in
the Section 6.1, increasing has a third effect on information asymmetry. That
is, asoy changes, the difference between the two signals can also change, making
the combination of the two signals more or less informative. For example, each
price itself can become less informative ab@ytasoy increases. However, the
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Ficure 8. Conditional standard deviation &; andY; for investor 2 under market structure
Il and asymmetric information [parameters have the following valpes:0.1, y =20,
r=0.06, ag =-0.2, ay=-0.2, a=-0.5, 0p =0.7, 06 =0.6, 07 =0.5, oy =0.22,
kpn = 0.5, B1= 0,1, andﬁz =(0, 0, 0)/]

two signals can become less correlated, and jointly become more informative. As
a result,og g can either increase or decrease with

Figure 9 plots the risk premium and price volatility of the stock for different
values ofoy andw. They behave in a similar way to that under market structure I.
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Ficure 9. Stock risk premium and price volatility under market structure Il and asymmetric
information [parameters have the following valugs= 0.1, y =20,r =0.06,as = —0.2,
ay=-0.2,a,=-0.5,0p =0.7,06 =0.6,0, =0.5,0ny =0.22,kpny = 0.5, ,31 = (O, 1, 1)/,
andg, = (0, 0, 0)'].

6.3. Comparison Between Market Structures | and 1l

We now compare the equilibrium under market structures | and Il and examine the
impact of derivative trading on the informational efficiency of the securities mar-
ket. Under the assumption that the allocational trade (or noise trade) is exogenously
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specified and unchanged as new securities are introduced, Grossman (1977) argues
that adding securities to the market should improve its informational efficiency be-
cause more private information is revealed through a larger set of prices. In general,
however, the allocational trade cannot be exogenously specified, especially when
we consider changing the market structure. As we have shown under symmetric
information, investors change their allocational trade significantly when the collar
isintroduced. Anincrease in allocational trade can introduce additional stock price
movements that are unrelated to future payoffs, making the price less informative.
In the case that the loss of information from the stock price exceeds the gain of
information from the collar price, the information asymmetry in the market can
increase when the collar is introduced. Thus, opening derivative trading can reduce
the informational efficiency of the market.

To verify this intuition, we plot in Figure 10 the changesogfs andoyy when
market structure changes from | to Il. At=1, the economy is populated only
by class-1 investors. We can view this economy as if the allocational trade were
exogenously specified, because, being the only type of investors in the economy,
investor 1 is forced to hold his endowment under both market structures. The
intuition in Grossman (1977) applies in this case and the information asymmetry,
as measured bysg, decreases after opening the collar market.

At w < 1, with investor 2 making the market, investor 1 endogenously de-
termines his allocational trade based on the market structure. The smaller the
the more significantly investor 1 changes his allocational trade after collar trad-
ing opens. For most values 6f andw under consideratiomg g decreases from
market structure | to Il, indicating that the information asymmetry between the
investors decreases after introducing the collar because the collar price provides
new information to the uninformed investors. However, for certain values of
andoy, especially whew is small, the introduction of collar trading can increase
the information asymmetry between the two classes of investors on future stock
payoffs, as reflected by the increas®it. This is the case when the information
loss from the stock price exceeds the information gain from the collar price.

In generaloyy decreases from market structure | to Il. This is not surprising
because the addition of collar allows investor 1 to more actively hedge his non-
traded risk. The increase in his hedging activity reveals more information about
his hedging need through the stock and collar prices.

We now examine the difference in equilibrium stock price between market
structures | and Il. Figure 11 illustrates the changes of stock risk premium and
price volatility when the market structure changes from | to lleA£ 1, changing
market structure does not change the equilibrium allocation and security prices
because the market is effectively complete. ot 1, opening the collar market
has two effects on the equilibrium security prices. On the one hand, similar to the
case of symmetric information, it allows an investor to better hedge his nontraded
risk and thus reduces the stock risk premium and price volatility. This allocational
effect is negligible as approaches 1 or 0, because introducing derivative security
has little impact on the equilibrium prices when the economy is dominated by one
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Ficure 10. Change in information asymmetry, as measured by the conditional standard
deviation of G; andY; for investor 2 from market structure | to Il [parameters have the
following values:p =0.1, y =20,r =0.06,ac =—-0.2,ay =-0.2,a; =—0.5,0p =0.7,
06=0.6,07=0.5,0ny =0.22,kpy =0.5, B1= 0,1, 1), andﬂz = (0,0, 0)/]

class of investors (see Figure 5). On the other hand, opening the collar market
changes the amount of information about future stock payoffs that uninformed
investor 2 extracts from prices. As discussed under market structure@dgif
increases, the information effect tends to increase the stock risk premium and
decrease the price volatility. tisg decreases, the opposite applies.
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Ficure 11.Change in stock risk premium and price volatility from market structure 1 to Il
under asymmetric information [parameters have the following valpes0.1, y = 20,

r =0.06, ag =—0.2, ay=-0.2, az =-0.5, 0p =0.7, 06 =0.6, 07 =0.5, oy =0.22,
kpn = 0.5, ,31 = (0, 1, 1)/, andﬁz = (0, 0, O)/]

The net impact of opening collar trading depends on the trade-off between the
allocational and informational effects. For smallthe informational effect domi-
nates. If the information asymmetry concerning the future stock payoffs increases
(i.e.,0cG increases), stock risk premium can increase after introducing the collar.
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Forw around 0.1 andy around 03, ogg increases after opening the collar mar-

ket (see Figure 10A) and the risk premiyhg| increases (see Figure 11A). Note
that for the same set of parameter values, the stock risk premium decreases un-
der symmetric information (see Figure 5A). On the other hand, if opening collar
trading decreases the informational asymmetryggg decreases), stock price
volatility tends to increase, because investor 2’'s expectation @bobecomes

more volatile. Figures 10A and 11B show that feraround 0.2 andy > 0.4,

Ocg decreases after introducing the collar (see Figure 10A) and the stock price
volatility oS increases. This is in contrast to the case of symmetric information in
which os decreases after introducing the collar (see Figure 5B).

7. CONCLUDING REMARKS

We analyze the impact of derivative trading on the allocational and informational
efficiencies of the securities market, using a specific model within the fully rational
expectations framework. We show that the introduction of derivative securities not
only provides additional sources of information to the less informed investors
through the derivative prices, but also changes the information content of the
existing security prices by changing the allocational trade. The net impact of
introducing derivatives on the informational efficiency of the securities market
depends on the interaction between these two effects. In particular, the market may
become less efficient informationally when derivative securities are introduced.
We also show that introducing derivatives can increase the stock risk premium and
price volatility under asymmetric information.

Although the intuitions obtained from our model are general, the model itself
contains several restrictive assumptions. In what follows, we provide some further
comments on these assumptions.

The model assumes that the risk-free security yields constant returns, indepen-
dent of market demands. This assumption is needed to solve the model. We can
justify this assumption by viewing the economy under consideration as a small
economy that has access to an outside bond market. We can also modify the model
to avoid this assumption. For example, we can define the model on a finite time
horizon and assume that the security payoffs, endowments, and consumptions
occur only on the terminal date. We then can use the risk-free security as the nu-
meraire, whose return is zero by definitinSolving such a model is similar to
solving the current model. The drawback of a finite-horizon model is that it is no
longer stationary; solving the equilibrium is possible but tedious. We do not expect
the results to be very different from those obtained in the current setting.

The model also assumes that investors have constant absolute risk aversion,
which has the unattractive feature that it allows negative consumption and exhibits
no income effect on the individual demand for risky securities. However, under this
preference, an investor’s holding of risky securities is independent of his wealth,
as are the equilibrium prices. The solution for an equilibrium then is simplified
greatly.
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Another feature of the model is that both stock dividend and nontraded in-
come have Brownian-motion components. This has two implications. First, the
instantaneous dividend and nontraded income have significant probability of be-
ing negative, regardless of the parameter values. Second, the cumulative income
process (including both dividends and nontraded income) has infinite variation,
whereas the cumulative consumption process is (required to be) absolutely con-
tinuous. This difference in the nature of income process and consumption process
makes it infeasible for an investor to buy and hold (in which case, consump-
tion would equal income). Although unattractive, these implications are merely
byproducts of the continuous-time specification. The fact that they do not arise in
a discrete-time counterpart of the model implies that economically they are not
important2

The choice of collar contract as the derivative security is fairly arbitrary and
mainly for convenience. More generally, we have given no justification for why
the securities market is incomplete in our model. Although it is beyond the scope
of this paper to provide an explicit justification, the reasons are quite obvious.
Because an investor’s nontraded income is private information, certain contracts,
such as those with payoffs contingent on the realization of the nontraded income,
are informationally infeasibl&? In the absence of these contracts, the market is
incomplete. Modeling the actual process of introducing derivative securities is also
beyond the scope of this paper. We provide no rationale as to why a certain contract
(e.g.,thecollar)isintroduced and why no additional contracts are introduced. There
is, however, a growing literature addressing these issues [see, e.g., Allen and Gale
(1994) and Duffie and Rahi (1995)].

NOTES

1. For example, He and Pearson (1991) and Karatzas et al. (1991) examine the existence and char-
acterization of optimal consumption and investment policies (with finite horizon) under an incomplete
market. Merton (1971), Duffie et al. (1993), He and &a{l993), Svensson and Werner (1993), Koo
(19944, b), Cuoco (1995), among others, consider the problem when investors also have nontraded
income.

2. For equilibrium pricing models with nontraded income, see, e.g., Scheinkman and Weiss (1986),
Marcet and Singleton (1990), Telmer (1993), Lucas (1994), Detemple (1995), and Heaton and Lucas
(1996).

3. Wang (1993) and Detemple (1994) solve multiperiod pricing models under asymmetric infor-
mation with specific assumptions about preferences and shock distributions. Judd and Bernardo (1994)
consider numerical solutions to equilibrium models under asymmetric information.

4. Given that investors are identical within each class, they can be aggregated into a single repre-
sentative investor.

5. The collar contract defined here represents a series of bets on future stock prices. For positive
stock priceq S > 0), the long side of the contract receives payments at$at@hereas for negative
stock prices, the short side receives payments atr&eNote that payments here are in the form of
continuous flows instead of discrete lumps.

6. Here, the following notations: di¢eg, e, ..., &}, (e1, €2, ..., &), and stacke;, e, ..., &}
denote, respectively, the diagonal matrix, row matrix, and column matrix for a set of elements (of
proper orderks, e, .. ., &; (-)’ denotes the transpose of a matrix and téaagenotes its trace.
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7. We have assumed that both investors are exposed to the same set of nontraded risks in the
economy. Solving the model with additional independent shocks is straightforward, and the qualitative
nature of our results does not change.

8. Here, the integrability on [@0) is defined to be integrable over,[D] VT > 0.

9. For the infinite horizon control problem to have well-posed solutions, appropriate boundary
conditions are needed. Imposing the above transversality condition is equivalent to the following
procedure: First, solve the control problem with finite horizon and a bequest function of the terminal
wealth in the same form of the utility function, and then let the terminal data go to infinity.

10. ForX; = (1, Gt, Y4, Zy), its variable elements ai@y, Y;, Zt. Let Xj,i = 1,...,n, be the
variable elements aX, then

apP apP 92p
dxP =stack ——,...,— r and 9P =< ——— °.
X {axl axn} X {axiaxj }

11. When there is only terminal consumption, the interest rate in the usual sense is not well defined
here. Making this assumption allows us to avoid dealing with the interest rate instead of endogenizing
it. See Grossman and Zhou (1996) for an example.

12. A discrete-time counterpart of our model has been used by Hong (1996). The nature of the
equilibrium in the discrete-time setting is very similar to that in the continuous-time setting.

13. In our setting, investors within the same class are assumed to have the same nontraded income.
Thus, information on nontraded income is shared among investors within the same class, but not across
classes. We can easily introduce an idiosyncratic component in each investor’'s nontraded income to
make it unobservable to other investors.
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APPENDIX

A.1. PROOF OF LEMMA 2

Given the return processes specified in (11) and (12), it is easy to verifyj that (13b)
solves the Bellman equation and satisfies the specified transversality conditiorvwhen
solves (15). In this casé; ; gives investoi’s value function. It then follows that; ; and

6i 1 in (13a) are investoir's optimal policies. The investors’ optimization problem is now
reduced to solving the algebraic matrix equation in (15). For any two square matrares

n, we denoten > n (m larger tham) if m— n is positive semidefinite. The strict inequality
applies whemn — n is positive definite. Define three matrices, m;, andmg by

Mg = by x [t — by (boby) g b «.
my = bi xblyo55(@q — FYboby ) + [(r/2)e — & x], (A1)
Mo = (ai.q — F'yboby B) ogg(a.q — rvbobyB) — ryon)?BiB.
Note that bothm, andm, are symmetric. Equation (15) then can be expressed as
Mo + Mjv + vmy — vmpv = 0. (A.2)

Equation (A.2) is called the algebraic Riccati equation (ARE). The ARE in general has
multiple solutions. We need the smallest solutiomféo maximize the value function. The
following lemma on ARE is useful.

LEMMA A.1. [Willems and Callier (1991)]Jf m, and my are positive definite(A.2)
has a unique largestsmallest solution that is symmetric and positigeegative definite.

Let v = stacK (voo, o), (Vp, ¥)}, wherev'is the submatrix ob that corresponds to the
variable part ofX; (voo corresponds to the constant part agdhe cross part). Also, lehy,
My, M, denote the submatricesof, m;, andm, that correspond te. Equation (A.2) then
gives the following equation far:~

Mo + M T + By — Bind = 0, (A.3)

which is also an ARE. We only need to solve fgrbecause givem, solving vp andvg

is straightforward. Thus, we neét, and g to be positive definite for the existence of
a solution to the optimization problem. Given that b/Q(be’Q)‘le for any bg, My is
positive definite. The existence of a solutioméw only requiresthy to be positive. The
following lemma is immediate.

LEMMA A.2. Inthe absence of nontraded incontige investor’s control problem given
by (15) has a unique solution.

Proof. Given tpe linear price l‘unctiomno = a/Qa(gé,aQ in the absence of nontraded in-
come. Hereag =A"(ag — rv) + AC. Because botlfraé and —(ag — r¢) are symmetric
positive definite,a’QaggaQ is also symmetric and positive definite. Thag, is positive
definite, and so ighy. By Lemma A.1, there exists a solution to the optimization problem
of the conjectured form. |
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In the presence of nontraded income, to ensure the existence of a solution, we need
additional conditions to guaranté® positive definite.

A.2. PROOF OF THEOREM 1

We now prove Theorem 1 by proving the existence of a solution to the system (10b), (15), and
(16). The proof follows three steps. First, for a fixed paramebes 1), a unique solution

to the system is shown to exist. Then we show that at the solution, the determinant of the
Jacobian matrix igienericallynondegenerate (to be defined). Finally, using the Implicit
Function Theorem, we conclude that the system has a solution in a neighborhood of the
initial parameter (i.ep = 1). We start by providing some auxiliary definitions and results.

DEFINITION A.1. Let D be an open set im". A function £D — R™ is called
generically nondegenerate if the n-dimensional Lebesgue measure of its Zerofget) =
0} is zero.

LEMMA A.3. (Implicit Function Theorem)LetD be an open set ifk™" containing
the point(xo, Yo) where ¥ € R™ and y € R". Suppose that FD — R™ is continuous
with continuous first partial derivatives P, and

F(X, ¥) =0 and defV«F (X0, Yo)] # 0. (A9)

Then positive numbees ande, can be chosen so that

1. The direct product of the closed bal, (Xo, €x) and By (Yo, €y) with centers at ¥, yo
and radiie, andey, respectivelyis in D;

2. & and ¢, are such that for each g Bh(Yo, €y) there is a unique % Bn(Xo, €x)
satisfying Fx, y) = 0. If f is the function from B(Yo, €y) t0 Bn(Xo, €x) defined by
these ordered pairgx, y), then H f (y), y] = O; furthermore f and all its partial
derivatives are continuous on, By, €y).

A proof of Lemma A3 can be found in Protter and Morrey (1991).

LEMMA A4. Let f:D — R be areal analytical function, whe® = D; ® - - - ® D,
is an open subset Of". Let V' = {x € D: f(x) =0} be its zero set. Then eithdf = D or
un(N) = Owherep, is the n-dimensional Lebesgue measure.

Proof. We will prove by induction. First\/ is closed and therefore measurable. For
n = 1, NV is either finite, or has an accumulation point. In the latter case, the funttisn
identically zero orD [see Ahlfors (1979)]. Noting that any finite set has zero Lebesgue mea-
sure concludes this part of the proof. Let us assume that the conclusion of the lemma holds for
certaink > 1 and prove it fon = k+ 1. Denotingf as a function of two variabled,(t, x),
onD1®D_; ,whereD_; = D, ® - - - ® Dy,1. We see thaf is a real analytical function
in botht andx separately as well. Consider the Set {t € D;:Vx € D,, f(t,x) =0}.
Fort ¢ S, we havefu1 f (t, x)dx = 0 by the inductive assumption. If sétis finite,
it is of zero Lebesgue measure ™. Thus,u,(N) = fDl fD_l 1t ex—odx dt = 0 by
Fubini’s theorem [see, e.g., Doob (1991)]. If, on the other h&rd not finite, then it has an
accumulation point. From the result of= 1, we see that for any fixed € D_,, f(t, x)
is identically zero inD,, and therefore identically zero dd = D; ® D_;. This concludes
the proof. |

We are now ready to show the existence of equilibriur at 1.
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LEMMA A5. Atw = 1, if the parameters satisfy assumptiff), then there exists a
solution to the systetfi0b), (15),and (16) under both market structures | and II.

Proof. At w =1, class-2 investors have population-weight zero, hence have no impact
on the equilibrium prices. We derive the equilibrium in this case in two steps: first, to find
a price process at which class-1 investors’ demand for traded securities equals the supply,
and then to show that class-2 investors’ expectations and optimal policies have the proposed
solution under the given price process. The first step is completed in Appendix A.3 and we
only focus on the second step here. In particular, we show the existence of a solution to
(10b) and (15), taking the price process (9) as givenol-etada’, whered is a full-ranked
submatrix ofo. Simple algebra shows that equation (10b) reduces to an ARE as defined in
(A.2) with

m, = o'ay’ (beb)) tade,
m, = {a’ [a;f/(bq’b&)il(bxbéb)/ + a;<] } ’(3—m)><(3—m)’

mo = { b [b}, (bobly) b | by +byxbic} [, o
where|z_mx@-m means taking the fir§8 — m) x (3 — m) submatrix. Obviouslym, =
(a’A)m(a’A) wherem = agagql,ax is symmetric and positive definite ang is also positive
definite; by Lemma A.1, (10b) has a unique positive definite solution. Furthermore, because
investor 2 has no nontraded income, Lemma A.2 implies that (15) has a solutiop for
This completes our proof. |

Now we show the existence of a solution to the system (10b), (15), and (k6 fose to
1. To conform to the notation in Lemma A.3, we reformulate the systeR(asp, q) = 0,
whereF = (Fy, F,, Fs, F4) with F;, F, corresponding to (15); corresponding to (16),
and F,4 to (10b). Let [] denote the column vector of all nonidentical entries of a matrix.
Definex = [[v4], [v2], AP, [0]], where [v1], [v,] are the coefficients in investors’ value
functions, A" is the coefficient of the price processes, anid the uninformed investor’s
conditional variance of the unobserved state variablesplLetw, the population weight
of class-1 investors, anl=[r, y, p, &g, ay, &z, op, 0G, Oy, 0z, oN, [k]] ([«]is the vector
of covariance coefficients among all shocks) be the vector of all fixed parameters in the
system. From Lemma A.5, the system has a solutiom atl. In other words, for any
fixed set of parameters, Ixo = Xo(q), such thatF (xo; po, q) = O for pp = 1. As the
second step, we show that the Jacobian matrix is nondegenefate pd) for any set of
parameterg). Given the high dimensionality af, the calculation would be messy and
tedious. Instead, we show that the segj@it which the Jacobian is degenerate has measure
zero. Letf (q) = det[ViF(xo; po, 0)], then f(q) is a real analytical function. It is easy
to find aqgp such thatf (q,) # O; therefore, the Jacobian is generically nondegenerate at
(X0, Po) by Lemma A.4. Applying the Implicit Function Theorem, we conclude that there
exists a solution to system (10b), (15), and (16)dalose to 1. This completes the proof
of Theorem 1.

A.3. PROOF OF THEOREM 2

Whenw = 1, the economy is populated only with class-1 investors and is thus equivalent to
the economy with one representative agent who has total expgsuig to nontraded risk.

We conjecture a linear equilibrium with price procés= A" X;. The representative agent
solves his control problem as defined in (15) with market clearing conditi@ﬂTf. Define
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v =stacK(vyy, vyz), (vyz, vzz)}. We can rewrite (15) in the form of (A.2) with coefficients
m, = diag{oy, 07}, = diag{(r /2)—ay, (r /2)—az}, Mo =ryon(1, 1). Letdy = —r?y 203,
dl =(r — Zay)2/4+ doUYZ, d2 =(r — 2&2)2/4—|— doo‘g, andd4= (dldz — O.YZO.gdg)l/Z_ The

condition (7) ensures thaid, — o202d3 > 0. We can solve n closed form:

L d; +d, £+ 2d,

Vyz = ,
e [(dy — dbp)/do]? + 40202
1

Vyy = 55 [(r — 2ay) + dov\?% + (dy — dz)/dg_lvvz],
20y
1
Vzz = 55 [(r — 2az) + dovy s — (di — dz)dg,_lvvz]
205

voy =voz =0 and voo=ryirs+ (1/r)(U$UYY+0§Uzz) +@2/r)r —p—rinr).

Note that we have four different roots forcorresponding to the four choices wfz. We
denotev™ as the one corresponding to

diy +dy — 2d,s
v = .
e [(di — dp)/do]? + 4002

It is easy to check that the difference matrix betweenahd any other root is negative
definite. Thusp™ solves the value functiod, = —e *t="YW+1/2X»Xt ' Haying solved
v, we can easily solva” from the market clearing condition and= diag{vgo, 7}. The
equilibrium stock price is

§ =[1/r — ae)]G + 25X,
whereis = (A5, AS, A3) and X, = stacK1, Y;, Z;}

s —Tyopn [UYZU§+(V —az —O'gvzz)}
=

s
(r — agz —O’%Uzz) (r — ay —O‘évyy) — v\z,za\foz

s —I'yopbn [UYZU\? + (I' —ay — U\?UYY):I

= 2 2 2 2 .2’
(r —az — UZUZZ) (r —ay — O'Yvyy> — Uy z0y07

z=

1
)\.g = -y |:O‘|% + mo’é +)\.$O‘$ +)\.%O‘§:| .

The optimal consumption policy is
o =W, — (1/2y) XX, — (1/y)Inr.
Using optimal consumption policy, we can solve the price for any traded security by

U'(Cryart +dt)

rPudt= E‘{ u'(e, t)

dG +dPt)}

whereu’ denotes investor's marginal utility, aftt = fot f(X¢, t)dt + be dws is the
cumulative payoff for the security. Using Ito’s Lemma, we can get the differential equation
(18) for any price process;}.



