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Abstract Equity default swaps (EDS) are hybrid credit-equity products that provide
a bridge from credit default swaps (CDS) to equity derivatives with barriers. This
paper develops an analytical solution to the EDS pricing problem under the jump-to-
default extended constant elasticity of variance model (JDCEV) of Carr and Linetsky.
Mathematically, we obtain an analytical solution to the first passage time problem for
the JDCEV diffusion process with killing. In particular, we obtain analytical results
for the present values of the protection payoff at the triggering event, periodic pre-
mium payments up to the triggering event, and the interest accrued from the previous
periodic premium payment up to the triggering event, and we determine arbitrage-
free equity default swap rates and compare them with CDS rates. Generally, the EDS
rate is strictly greater than the corresponding CDS rate. However, when the trigger-
ing barrier is set to be a low percentage of the initial stock price and the volatility
of the underlying firm’s stock price is moderate, the EDS and CDS rates are quite
close. Given the current movement to list CDS contracts on organized derivatives ex-
changes to alleviate the problems with the counterparty risk and the opacity of over-
the-counter CDS trading, we argue that EDS contracts with low triggering barriers
may prove to be an interesting alternative to CDS contracts, offering some advan-
tages due to the unambiguity, and transparency of the triggering event based on the
observable stock price.
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1 Introduction

Equity default swaps (EDS) are a class of hybrid credit-equity products that pro-
vide a bridge from credit default swaps (CDS) to equity derivatives with barriers.
JP Morgan’s Odysseus deal (2003) was the first major transaction in which EDS
were included as synthetic collateral for collateralized debt obligations (CDO). The
Odysseus CDO consisted of 90% CDS and 10% EDS on a notional amount of 1.2 bil-
lion Euro (see Weidner et al. [24]). Moody’s assigned it a credit rating in December
2003. In 2004, Daiwa Securities originated the first rated CDO of pure EDS with the
notional of 45 billion yen. While the on-going crisis in the credit markets worldwide
puts into question the viability of some of the over-the-counter credit derivatives,
given the significant counterparty risks involved, an alternative point of view has
emerged that credit derivatives, such as CDS, should be traded on organized deriva-
tives exchanges to gain transparency and the benefits of the clearing house guaran-
teeing transactions to remove counterparty risk. Indeed, in some recent cases CDS
protection writers ended up with weaker credit ratings than some of the names they
have written protection on, in part due to the heavy losses they have sustained on
settling CDS contracts they have written on other names. As we write this, the nego-
tiations are on-going with regard to creating the CDS exchange (see Gutierrez [15]).
Notably, EDS provide a bridge from CDS to equity derivatives products, with the
transparency of the latter based on the observable stock price. In this sense, standard-
ized and transparent EDS contracts might be a more natural product for derivatives
exchanges than CDS contracts.

Since the Odysseus deal, there has been an on-going debate in the marketplace
whether EDS is truly a credit-like product, or just another exotic equity derivative.
For instance, Société Générale’s yield enhancement strategies (YES) are EDS-like
products that have been marketed for a long time (see Wolcott [25]). Some see EDS
contracts as a variation of deep-out-of-the-money American digital options for which
the premium is paid in installments over time up to the trigger event, thus viewing
EDS as a type of exotic equity option. Other authors state that EDS close the gap
between equity and credit since they are structurally very similar to CDS. An EDS
contract delivers a protection payment if the reference entity’s stock price drops be-
low a pre-specified lower barrier level, typically set at 30% of the stock price at the
contract inception. The triggering event is thus a severe stock price drop of 70% or
more from the initial level. In exchange, the EDS buyer makes periodic premium
payments that accrue at the contracted fixed swap rate up to the triggering event or
the final contract maturity, whichever comes first. The CDS thus arises in the limit of
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the barrier tending towards zero, since in the event of the firm’s default on its debt the
stock price would be traded near zero. If the absolute priority holds, then the stock
would be worth exactly zero. Violations of absolutely priority rules may result in the
firm’s stock trading for some small positive value after the bond default occurs. In
any case, the stock price of a firm in default on its bonds is typically very low.

The EDS premium rate is strictly greater than the CDS rate since the CDS trig-
gering event is also an EDS triggering event, but it is possible that the stock price
may suffer a drop of 70% of the initial price that will trigger the EDS protection
payment without having a debt default event triggering CDS payoffs. This fact at-
tracts some investors seeking credit protection. These investors argue that empirical
evidence supports a positive relationship between severe stock price declines and the
increased probability of default of the reference firm. Empirical studies by Jobst and
de Servigny [16, 17] provide some insightful results about the credit-equity nature of
EDS. Jobst and de Servigny [16] empirically estimate the default probability and the
equity event probability. The authors look at a subset of US firms in the Compustat
database for which S&P credit rating and other risk factors are available. For each
time horizon (1 and 5 years), they observe the number of firms whose stock price
has experienced 70%—-90% drops from the initial stock price (relative to the begin-
ning of the observation period) by retrieving the monthly minimum stock price for
each period. They use this result to estimate the equity event probability. Similarly,
in order to estimate the default probability, they look at the number of firms that de-
faulted during the same period of time. Subsequently, they employ these estimated
probabilities as dependent variates in a linear logit model to analyze the explanatory
power of various credit and equity factors at different triggering levels returning con-
sistent results across different maturities. They notice that credit ratings and historical
volatilities have the highest explanatory power among the other factors considered.
This is true in particular for EDS with triggering levels at 50% and below (i.e., when
the stock price needs to drop 50% or more to trigger the EDS payoff). However, for
barrier levels above 50%, the equity related factors become more significant. Thus,
it can be inferred that for low triggering levels the EDS can be seen as a credit-like
instrument, but for higher triggering levels the EDS behaves more as an equity-like
instrument. This remark is also supported by their Kendall’s tau analysis in which
they compare the frequency with which the EDS triggering event also implied the
CDS triggering event (i.e., default). They show empirically that for low triggering
levels (10%-30%), it is quite common that the EDS and CDS protection payments
will be triggered within the same period of time with frequency greater than 90%,
but this is significantly less frequent for triggering levels above 50%. In Jobst and de
Servigny [17], the event correlation was analyzed. They found that EDS triggering
events have a significantly higher correlation than default events and, as expected, this
correlation increases when increasing the barrier level, which can be explained by the
fact that adverse market conditions common to firms in a particular sector would be
sufficient to trigger the EDS payoff if the barrier level is high enough. In addition, the
EDS correlation is lower for investment grade firms than for non-investment grade
firms, which supports their previous results that show that credit ratings and volatility
have a high explanatory power.

Notwithstanding the previously discussed similarities between the EDS and CDS,
there are some advantages inherent in the EDS contract design. Since CDS are trig-
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gered only in the event of default, CDS are indifferent to credit downgrades. In prac-
tice, prior to default, the firm’s debt will experience a series of credit downgrades,
while the stock price establishes new lows over time. EDS triggering events can be
viewed as proxies for credit downgrades. Another important advantage of the EDS
structure is the transparency with which the EDS payoff is triggered based on the fully
observable stock price. While establishing a CDS credit event may not be an entirely
simple matter, the EDS triggering event is unambiguous and fully observable. This
transparency and unambiguity can be particularly important for exchange-traded con-
tracts.

Several recent papers consider EDS pricing. Picone [20] assumes that the stock
price follows a GARCH model. Asmussen et al. [4] obtain an analytical approxima-
tion for EDS rates when the stock price follows a CGMY Lévy process by approx-
imating the Lévy measure by hyper-exponentials. They obtain analytical solutions
for first passage times for the approximating process, calibrate the parameters of the
CGMY model to GM and Ford options, and compute the EDS rates with triggering
barriers at 30% of the initial stock price in the calibrated model. They show that the
market observed CDS rates for both firms are higher than the modeled EDS rates.
A possible explanation for this is that the CGMY process never hits zero, and thus
excludes the possibility of default since the equity never becomes worthless in this
model. As a result, if one were to take the limit of the EDS rates in the CGMY model
as the triggering barrier tends to zero, one would not recover any positive CDS rate,
but instead would obtain zero CDS rates in the limit. In our view, conventional mod-
els used in equity derivatives modeling such as stochastic volatility models and Lévy
processes where the stock price never hits zero do not provide an adequate modeling
framework to investigate the relationship between CDS and EDS contracts.'

In contrast, Albanese and Chen [3], Atlan and Leblanc [5, 6], and Campi and
Sbuelz [10] value EDS in the CEV model, where the stock price can hit zero via
diffusion. Atlan and Leblanc [5, 6] also consider the constant elasticity of stochas-
tic variance (CESV) process and other absolutely continuous time changes of the
CEV process for valuing CDS in models with stochastic volatility. In these models,
the EDS rate is monotonic in the triggering level and, in particular, the EDS rate is
strictly greater than the CDS rate that is obtained in the limit of the zero triggering
level. However, in the CEV model, the event of default can only happen via contin-
uous diffusion of the stock price toward zero. There is no element of surprise—no
possibility of a jump-to-default from a positive stock value. It is well known that
such models produce unrealistically low credit spreads for shorter maturity debt in-
struments and CDS. To remedy this shortcoming, Campi et al. [9] value CDS in a
model where the CEV diffusion process is killed at the first jump time of an indepen-
dent Poisson process with constant intensity. However, the default intensity in their
model is independent of the stock price, implying that the default is as likely when

!In our discussion of EDS and CDS contracts here and throughout the paper, we assume that the recovery
and the corresponding loss-given-default payoff is a fixed percentage of the notional amount of the swap
contract and is the same for EDS and CDS contracts. Thus, we are referring to CDS contracts with fixed
loss-given-default payoffs specified in the contract. CDS contracts with loss-given-default amounts deter-
mined from the market prices of referenced bonds at the time of default are more complicated, since one
needs to model stochastic recovery/LGD.
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the stock price is very high as when the stock price is very low. This assumption con-
tradicts the accumulated empirical evidence that suggests a close link between the
default probability and the stock price, as well as the volatility level.

To overcome these difficulties and to develop a unified credit-equity modeling
framework, Carr and Linetsky [11] propose modeling the stock price as a jump-to-
default extended CEV process where prior to default the stock price follows a dif-
fusion process with constant elasticity of variance. The jump-to-default event has an
intensity that is an affine function of the local variance. This links the default inten-
sity, the stock volatility, and the stock price itself, since in the CEV model the local
volatility is a (negative) power of the stock price. Thus, the JDCEV model exhibits
both the volatility skews observed in the equity options markets and the links be-
tween default probability and the stock price and stock volatility well known in the
credit markets. Carr and Linetsky obtain closed-form solutions for European options,
survival probability, and corporate bonds in the JDCEV model.

The main contribution of this paper is the solution of the EDS pricing problem
in the JDCEV model. We argue that the hybrid credit-equity JDCEV model is well
suited to analyze hybrid credit-equity products such as EDS and overcomes the prob-
lems experienced with other models in the literature discussed above. Indeed, the
event of default (CDS triggering event) in the JDCEV model is either the first hit-
ting of zero for the CEV diffusion or a jump-to-default from a strictly positive value
with an intensity given by an affine function of the CEV local variance, whichever
comes first. The EDS triggering event is either the first hitting time of a triggering
barrier for the CEV diffusion or a jump-to-default that takes the stock from a positive
value above the barrier down to zero, whichever comes first. As such, the EDS rate
is monotonic in the triggering level, and the CDS rate is naturally obtained from the
EDS rate in the limit of the triggering level tending to zero. We stress that mathe-
matically the first passage time problem for the JDCEV process is significantly more
difficult than the European option pricing problem solved in Carr and Linetsky and
requires an entirely different technical approach. We solve this problem by first com-
puting Laplace transforms of various expectations involving the first passage time by
explicitly constructing the resolvent operator for the JDCEV process in the domain
above the barrier and then inverting the Laplace transforms analytically. We are able
to obtain closed form solutions for the present values of the EDS protection pay-
ment, periodic premium payments, and the payment of accrued interest from the last
periodic payment up to the triggering event.

The remainder of this paper is organized as follows. Section 2 describes the EDS
model setup and explains how to value the EDS protection payment, the periodic pre-
mium payments, and the accrued interest payment up to the triggering event in the
jump-to-default extended diffusion framework. In particular, it reduces all the valua-
tion problems to a collection of expectations involving various functionals defined on
paths of the underlying diffusion process. Section 3 develops analytical solutions for
all the expectations necessary to value EDS in the JDCEV model. Section 4 shows the
expressions of the EDS protection payment, the periodic premium payments, and the
accrued interest payment up to the triggering event in the JDCEV model. Section 5
provides numerical examples and an analysis of EDS rates. It investigates the impact
of the triggering barrier level on the EDS rates, and compares them to the CDS rates
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that arise in the limit of the triggering barrier tending to zero. The proofs are included
in the Appendix.

2 EDS model setup

We follow the model setup of Carr and Linetsky [11] and take as given a probability
space (£2, G, Q) carrying a standard Brownian motion B and an exponential random
variable e ~ Exp(1) independent of B. We assume frictionless markets, no arbitrage,
and the existence of an equivalent martingale measure (EMM) Q. Prior to default, the
stock price is assumed to follow under the EMM a diffusion process X that solves
the stochastic differential equation

dX;=[r—q+h(X)]|X,dt + o (X)X;dB;, Xo=x>0, 2.1

where r,q > 0, 0 (X;) > 0 and h(X;) > O are the risk-free rate, dividend yield, in-
stantaneous stock volatility, and the state dependent jump-to-default intensity (hazard
rate).

The event of default is formally defined as the equity becoming worthless, i.e., the
stock price dropping to zero. It can happen in one of two ways. Either the diffusion
process X hits zero via diffusion, or a jump-to-default occurs that takes the stock
price from some positive value to zero, whichever comes first. Formally, the default
time (or killing time) is £ = Ty A £, where Ty = inf{t > 0: X; = 0} is the first hitting
time of zero for the diffusion process (2.1) and ¢ = inf{r > 0 : H; > ¢} is the jump-
to-default time with intensity (hazard rate) #(X;) and the integrated hazard process
H, = [y h(X,)du.

The EDS contract delivers a protection payment to the EDS buyer at the time of
the triggering event defined as the stock price decline below a pre-specified lower
triggering barrier level. In exchange, the EDS buyer makes periodic premium pay-
ments at time intervals A at the equity default swap rate up to the triggering event
or the final maturity, whichever comes first. If the triggering event occurs mid-period
between two premium payments, the buyer pays the accrued interest from the time of
the last premium payment up to the time of the triggering event. The protection pay-
ment is the specified percentage (1 — t) of the EDS notional amount N (by analogy
with the CDS; here, t is the “recovery rate” and 1 — v is the “loss-given-default”, or
rather the “loss-given-the-triggering barrier crossing” event that the EDS pays out to
the EDS buyer). The valuation problem is to determine the arbitrage-free swap rate
o so that the present value of the EDS contract is zero at the contract inception time
(time zero). This swap rate equates the present value of the protection payoff to the
present value of all the premium payments (including possible accrued interest up to
the triggering event). We summarize our notation:

L barrier level or triggering level

T tenor or maturity

N total number of premium payments
A=T/N time between premium payments

ti=iA,i=1,2,..., N ithperiodic premium payment date
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e jump-to-default time with intensity A

T, =inf{r : X, = L} first hitting time to trigger level L

L = Z A Tr first passage time through level L
(triggering event time)

N=1 EDS notional

te(0,1] recovery rate

0 EDS premium rate.

The present value of the protection payoff is given by

PV (Protection) = (1 —v)E[e " 1z, < 1]

=-1 (]E[e_rgl{ig T}l{TL>2}] + E[e_rTL1{2> TL}I{TLS T}])

T u
=(1-v) (f e B [e 0 KR (X ) 7, - ] du
0
T,
PR fOLh(Xu)dul{TLST}]), 22)

The first equality follows from ¢; = Ty A . The second equality follows from re-
calling that the jump-to-default time £ has the intensity 4(X,) and performing the
standard calculations for stopping times with intensities. The first term in parenthe-
ses is the present value of the payoff triggered by a jump-to-default from a positive
stock price, if it occurs prior to maturity and prior to hitting zero via diffusion. The
second term is the present value of the payoff if the stock price hits the barrier level
L via diffusion, if it occurs prior to maturity and prior to the jump-to-default.
The present value of periodic premium payments up to ¢z, is given by

N
PV(Premium) = oA Z e "Bz, > )]

i=1
N .

—o0A Ze—rtiEx[e—fo h(Xu)dul{TLZti}]' (2.3)
i=1

If the triggering event occurs between the two periodic payments dates #; and #; 4|
(i.e., ¢ € (ti,ti+1)), the EDS buyer is required to pay the interest accrued since the
previous payment date #; up to the triggering event time {7 . The present value of the
accrued interest is given by (here, [.] denotes the integer part (floor) function)

PV(Acc. Int.) = QE[e_rgL ((L - A[%])hgs T}:|

-1

=

I
]

Il
o

0 ) E[e L —iM e wni]

1

—

el <1y
N-1
—Q Z iA(E[eir{Ll{CLftiﬂ}] - ]E[eir{Ll{iLSti}])'

i=1
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Observing that since ¢ = Tp A,

T u
E[e ™ ¢ i <1)] =/ we Ele b "X W h(X,) 7, > 1] du
0

Ty
FE[e Tl hX ey g 0 )]

and
t
E[ —}’{Ll{ <) ] / e_ruE[ f() h(Xy )dvh(X )1 (7> u) ]dl/t
0

L
4 E[efrTLffO h(Xy)du I{TLft,'}]s

the present value of accrued interest can be rewritten as
T u
PV(Acc. Int.) = QU ue E [em 0 MXVDR (X NV, 5 ] du
0
Ty
+E, [e—rTL_fo h(Xy)du Tplr, < T}]

— ZZA/ —I’ME [ f() h(Xy )dvh(X )1 (T, u) ]d

N-1 .
lA —VTL—fO h(Xu)dul{TLSf1+|}]

i=1

T,
_ ]EX [e—rTL_fQL/’L(Xu)dl‘l{TL<ti}])}_ (24)

The EDS pricing problem is to determine the arbitrage-free equity default swap
rate ¢ such that it makes the present value of the swap equal to zero at inception, or
equivalently, makes the present value of the protection payment equal to the present
value of the periodic premium payments and accrued interest at contract inception.
Put differently,

PV (Protection) = PV (Premium + Acc. Int.). 2.5)

Observe that the expressions for the present value of the premium payments and the
accrued interest are linear in the EDS rate 0. We can then immediately solve (2.5) for
o in terms of the various expectations in (2.2)—(2.4). In Sect. 3, we obtain analytical
solutions for all the expectations involved, which will allow us to explicitly compute
the EDS rate 0. The CDS swap rate is obtained in the limit L — 0. In this limiting
case some of the expectations vanish, and the remaining expectations simplify dras-
tically so that they can be calculated using the results in Carr and Linetsky [11]. In
contrast, the expectations with L > 0 involving the first hitting time 7} require us to
take a different approach.
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3 Solving the first passage time problem for the jump-to-default extended CEV
process

The instantaneous volatility in the CEV model is specified as a power function (see
Cox [12], Schroder [22], Davydov and Linetsky [13, 14], and Linetsky [18, 19] for
background on the CEV process), i.e.,

o(x) =axP, 3.1

where 8 < 0 is the volatility elasticity parameter and a > 0 is the volatility scale
parameter. The CEV volatility specification exhibits the leverage effect and leads
to an implied volatility skew in options prices. To be consistent with the empirical
evidence linking corporate bond yields and CDS rates to equity volatility, Carr and
Linetsky [11] propose to specify the default intensity as an affine function of the
instantaneous stock variance, namely

h(x)=b+co?(x)=b+ca*x*’, (3.2)

where b > 0 is a constant parameter governing the state-independent part of the jump-
to-default intensity and ¢ > 0 is a constant parameter governing the sensitivity of the
intensity to the local volatility o2, In Carr and Linetsky [11], a and b are taken to
be deterministic functions of time. In the present paper, we assume that a and b are
constant. The time homogeneity assumption is necessary to be able to solve the first
passage time problem analytically (it is not necessary to solve the pricing problem
for European options).

To value EDS contracts in the JDCEV model and, in particular, compute EDS
rates, we need to calculate the expectations

iy T,
Ex[e_rTL_fOLh(X”)dul{TLgt}]» ]Ex[e—rTL_fOL h(Xu)duTLl{TLfl‘}]a (33)
Ec[elohXnduy, o], Exem hMX0dupx )1y, - 0], (3.4)

where X is the diffusion process solving the SDE (2.1) with the CEV volatility (3.1)
and JDCEV default intensity (3.2) and starting at Xy = x at time zero. Fortunately,
all these expectations can be evaluated in closed form. First, we calculate the Laplace
transforms of these expectations with respect to time using the analytical theory of
diffusion processes. Namely, we compute in closed form the relevant resolvents. Sec-
ond, we are able to invert the resulting Laplace transforms analytically. Finally, the
results are substituted in the expressions for the present values of the protection pay-
ment, periodic premium payments and the accrued interest, and after some simplifi-
cations, this yields the analytical solution to the EDS pricing problem.

To compute the first expectation in (3.3), we start by taking the Laplace transform
in time, i.e.,

T —r T —fyF h(X,)du 1 — ()T~ [y £ h(X,)du
e Eyle o M 1{TLST}]dT=;JEx[e He=fom & du] = (3.5)
0
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From the analytical theory of diffusion processes, it is well known that the Laplace
transform on the right-hand side has the form (e.g., Borodin and Salminen [7], p. 18)

lEx [e_(r_"_s) TL_foTL h(Xu)du] — l ¢S+r(-x) , (36)
s S ¢s4r(L)

where ¢, (x) is the decreasing solution of the ordinary differential equation

Gu(x) = su(x) (3.7)

and G is the infinitesimal generator of the JDCEV diffusion process with killing at
the rate i (here u:=r — q), i.e.,

1 d? d
Gu(x) = §a2x2ﬁ+2d—xb2l(x) + (;L—G—b—}—cazxzﬂ)xﬁ(x) — (b+ca2x2ﬂ)u(x). (3.8)

Fortunately, in this case, the ODE admits an explicit analytical solution in terms of
the first and second Whittaker functions, M., »,(z) and W, ,, (2), respectively.

Theorem 3.1 For a JDCEV diffusion with the infinitesimal generator (3.8) with pa-
rameters f <0,a > 0,b>0,c>0and u+ b # 0, the increasing and decreasing
solutions s and ¢ of the ODE (3.7) on the interval (L, 00) and with the increasing
solution satisfying the Dirichlet boundary condition ¥3(L) =0 at L > 0 are

Yo() = x2S s (W) 3 (AL M, 5 (Ax2F)
— M), 3 (ALTF)Worg, 5 (Ax72P) ], (3.9
$s(0) = x 3P 4 (Ax),

where M. v/2(2) and W, ., 2(z) are the first and second Whittaker function with
indexes

1+4+2¢ 1—v s+¢&
V= —"7, n(s)=¢€ —
2|81 2 1)

)

where
lu+ bl

. E=2c(u+b)+b A= ,
& =2c(u+b) 21] 3.10)

®=2[B(u+Db)

e =sign(B(u +b)).
The Wronskian wg of the two solutions reads

_ 2lp+bIr(1+v)
Al (v)2 4 1/2 — »(s))

W5 (ALT?F).

s

Proof See Appendix A. g

The Laplace transform (3.6) can be inverted analytically by applying the Cauchy
residue theorem.
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Theorem 3.2 Let X be a JDCEYV diffusion with constant parameters 8 <0, a > 0,
b>0,c>0and u+ b #0. Then for L > 0 we have

Ty — L
]Ex[e rTg, f() h(Xu)dul{TLfT}]

1_ 28
—(x ’ C+ﬁeeé(X‘2f‘—L‘2‘3) % Wé%*%’%(Ax )
L Wiy _rse o (AL72)

O o= @Cam—e T r46)T W, 1 (Ax2F)
+ 2 . (3.11)

(0(Gm — ) +r+E [FE W s (AL,

n=
where

{30, n=1,2,...} = {%iW%’ (AL*Zﬁ) :0}

v
2
are the zeros of the Whittaker function W s (AL™2P) considered as a function of its
first index with the second index and the argument kept fixed.

Proof See Appendix A. g

The second expectation in (3.3) immediately follows from the identity
T 9 T
E[efrTL*fO L n(X,)du Tz, <1y] = — %E[efpnffo L hXadug . n]
p=r

The resulting expression takes the form

Ty
E[e Tl MX0d T, 11, )]

—e+h s J (Ax—2P
_ <£>/3 c 266%()(72,37L—2ﬂ) y Z( : W%n’i(Ax )
- [a_%Wz,%(AL_Z’g)H%:%,,

n=1
e(1—-v) r+é }
p==g =

To compute the expectations in (3.4), we need to compute the expectations

wl@Gm — e 3 +r+ 6T + 1]e—<w<%n—f?>+f+f”>
X
(0o — €15 +r +8)2

L5 Wo. s (Ax 2] W, 3 (Ax2P) [ W, 3 (AL2F)]
wWp, 5 (AL=2F) Wl W, 5 (AL 2

ot _ [t 2
By [e Joh X duy 0], E[e ohXndux2P1, ).

From the analytical theory of diffusion processes, the Laplace transform of the ex-
pectation takes the form

o0 ; o0
/ ¢TSI By[e X0 g (X Vg, 5 ] di = / FGs(x, y)dy,
0 L
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where Gg(x, y) is the resolvent kernel or Green’s function of the diffusion process
X with the infinitesimal generator (3.8) and the killing boundary condition at the
lower barrier L. The Green’s function admits an explicit representation in terms of
the increasing and decreasing solutions ¥y and ¢, of the ODE (3.7) on the interval
(L, 00) and with the increasing solution satisfying the Dirichlet boundary condition
Ys(L) =0 at L (see Borodin and Salminen [7], p. 19; note that we define the Green’s
function with respect to the Lebesgue measure, while Borodin and Salminen define it
with respect to the speed measure m(y) dy, where m(y) is the speed density (A.2)).
Indeed,

_m(y) {ws (N)Ps (), x =<, 3.12)

Gs(x, y) = ¥s(gs(x), vy <x.

The Wronskian ws = (;(x)¢s(x) — Vs (x) 5 (x))/s(x) of the two solutions is inde-
pendent of x (here, s(x) is the scale density (A.2) of the diffusion process). This leads
to the explicit solution for the Green’s function (3.12).

N

Theorem 3.3 For u + b # 0, the Green’s function of the JDCEV diffusion on the
interval (0, o) with killing at the rate h and the killing boundary at the level L > 0
is given by

Gy(x,y) = [(1/2 4 v/2 — se(s)x2—cHBee 2™
sWX,Y) = AT )

-2
(M%(s),g(f‘x ?)
M, v(AL"2YW_ . v (Ax~28)
(s), (s), =)
- 2wu<s),%<AL72ﬂ2> )W}‘(s)’%(Ay ). x=y,

A —
c—%—ﬁe—efy 28

)
(Mz(s),§(Ay ?)
M, v (ALT2YW_ .\ v (Ay=2F)
(s), (s), -2
B W s AL) )W”<S>»%(Ax ) y=x
*2

where M, ,,(2) and W, »,(2) are the first and second Whittaker functions.

Proof Substitute the fundamental solutions 1y and ¢ and the Wronskian wy from
Theorem 3.1 in (3.12) (the speed density m(x) of the JDCEV process is given
in (A.2)). O

To compute the expectation E, [e‘fé h(X“)d”I{TL> nX f ] (the pth moment of the
process X killed at the rate & and at the first hitting time 77, of the lower barrier L), we
first compute the integral |, LOO yPGg(x, y)dy and then invert the Laplace transform to
recover the expectation. Fortunately, we are able to accomplish both in closed form.
The expectations in (3.4) are obtained by setting p =0 and p =2, respectively.

Theorem 3.4 Let X be a JDCEV diffusion process with the infinitesimal genera-

tor (3.8) with constant parameters f <0,a >0,b>0,c>0and u+ b > 0. Then
for L >0 and p € R, we have
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E, [e*féh(xu)dul{T X!

125

w1
IR G+ ) b

o0
>
n!'I'(14+v)
n=0
x e B pwrby-bromin L dpp (A2
o = () 5
Moy, et o (ALT 2"J’)
2 Iﬁl —28
W iy 3 (AL 2y Wisl -5 ; (Ax )}
T

+ e~ @G = T ( F—ctB = hx P

n=1
sy (AL 2Byw E(Ax—zﬂ)

F(1+v)[d,4 203 (AL72P)] 5=,

2c+p v—1 _ 2¢4p
N T DT+ D = o = )
I3 =)

A L2‘+1’ 2/31"( u)r(”—” — )

(1 + 2“3‘ B %n)
1+ 2c+17’ v
x 2F ZZCIflp : AL%
2+ 80
A 28— 1+p['(l)) 1_1;,1;‘)_%”
- 2P o CALTP Y 33
T O R

where sz, are the zeros of the Whittaker function W%’% (AL™2P) as defined in Theo-
rem 3.2, 2 F> is the generalized hypergeometric function, I' (z) is the Gamma func-
tion, and (z), = I'(z +n) /I (2) is the Pochhammer symbol.

For L=0and p > 2(B — c), we have

1-2¢—

AR = %F(l—i-zzcl%)x%_c"_ﬂ

e%xfzﬂl“(l +v)

Ey[e=hhXoduy . xP] =

3 (p(u+b)—D+wn)t ~ 2181 7" ( 12\ In
xD e e
n=0
—28
X Mv;l+n7(2§|;|p) %(Ax ) (3 14)
Proof See Appendix A. -
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Remark 3.5 To save space, we formulated Theorem 3.4 for the case u + b > 0. The
expressions for the case i + b < 0 are similar and are included in Appendix B.

4 Pricing EDS under the JDCEV model

Having explicitly computed all the required expectations, we are now ready to write
down the results for the present values of the protection payoff, periodic premium
payments, and accrued interest in the JDCEV model. The expressions (2.2) and (2.4)
for the protection payment and the accrued interest involve integrals with respect to
time. These integrals are computed in closed form. In addition, the expressions for
the accrued interest and the periodic premium payments contain summations over
the coupon payment dates #;; see (2.4) and (2.3). These sums collapse to closed
form expressions by means of the two identities Y 1 ;a' = a(l —a™)/(1 — a)
and YN ia' = (a — (14 N)aVt! + NaV+2)/((a — 1)?). The final results for the
present values of the protection payment, periodic premium payments, and accrued
interest simplify as follows.

4.1 Protection payoff

The present value of the EDS protection payoff (2.2) with the triggering barrier L > 0
in the JDCEV model with u + b > 0 reduces to the expression (similar expressions
for u 4+ b < 0 can be obtained by using the result in Appendix B)

PV (Protection)

1
xg—c+ﬂp(L +1) ~
— (1 _ t) |ﬂ| e—%x 28
rad+v)

“.1)

o0
bLo(n—1,0) » )
| — o~ (rtbtw(—I)T
Xz{r+b+w(n—1)( ¢ )

n=1

Bla* L0 = L2B) (( _ —irsttomr)
r+b+own
2
4 MO £ PIM028) | e—<r+w<zn—“—zl>+s>r)}
r+w(e — VT) +&

,~+l b - v A -2B
(= o T A aTH L) Wogl st 3 (A7)
L w

X e @Gm=F)4r 6T W, 5 (Ax—2F)
C wGnm =5+ +E [ Wy (AL72)] ],

n=
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In the CDS limit L = 0, the expression simplifies to
x%—wﬁr(ﬁ +1) 4
PV (Protection) = (1 —t) e 2%
I'(l+v)
X (bDs(n— 1,0)(1 — e~ r+b+o=D)T)
2
— r+b+owm—-1)
2 e~ (rtbtomT
D —1,28)(1 —
Iﬂla +(n B)( )}. @2)

r+b+wn

In (4.1) and (4.2), we have introduced the notation

1-2¢

1
AT I L5y
o 2[B| pn —28
Ly(n,p):= ! X {Mlztéf+2n+l 5 v (Ax )
Migse g,y (AL 2
— W1_26+M s, ” (AL 2'3) W14T§‘c+2n2+1_8p’%(Ax )}’
4181 2
Mo, s (ALT2)W,,, 5 (AXx™2F)
Mi(n, p)i=——7y Y
(752 Wae, s (AL™P)] 5=,
8 _ 1 1—1}—2%"
reyak( " 2P 2 ALY

1+61’_m’1_

X { —
vl 7 288,41 1
AT LoPer F(,ﬁ| +8p) (5151 — 8p)

1 1-2¢
AT FGp — ) I Gy + 3= 8p = )
F(15* = 5)
lfv_2 8p+ 5, 14+v—23g,
F(_V)F(¥)2Fz( 1B 2 ;AL—2ﬂ)

T8y + 15, 1+v

‘201“% +8,+ DI —54)

I\)\

1-2¢
Di(n, p):=A "

4 . —28
o M g 2/1;—1 _81)7% (Ax ),

where {%n,}’l: 1,2,}:{%|W%’%(AL*2/3):O} and8p= {(1)7 iig;g

4.2 Periodic premium payments

The present value of the EDS periodic premium payments (2.3) with the triggering

barrier L > 0 in the JDCEV model with i + b > 0 reduces to the expression
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1_ .
X2 C+ﬂ1"(‘;7‘ + l)e_%x,zlS
r'(1+v)
1 — ¢—(r+btom=1)AN

o0
(S ) e 10
n=1

(1 _ ef(r+w(%,1f"gl)+§)AN

PV(Premium) = oA

>M+(}’l,0)}

prroGa—"7H+54 _
In the CDS limit L = 0, the expression simplifies to

3—etBp(c
x2 F(Iﬁl +1) _4y2

r'(l+v)
1— e—(r+b+w(n—1))AN

o0
x Z( g T e )m(n —1,0).
n=1

PV(Premium) = oA

4.3 Accrued interest
The present value of the EDS accrued interest payment (2.4) with the triggering bar-
rier L > 0 in the JDCEV model with i + b > 0 reduces to the expression
PV (Acc. Int.)
A A
rd+v)
| bLin—1,001 — e CHbto@—INT)
X Z .
r+b+wm—1)

=0

n=1

1 A
x (r+b+w(n— 1) * 1—e(’+b+w("—1)m>

N Li(n—1,28)(1 — e rtbteonT) 1 A
r+b+own)/(|Bla) r+b+wn 1—ertbtoma

L BMe(,0) +1Bla Mo (n,26)(1 — e~ rtoGa— 3 +OT)
r+wGn — ) +&

1 A
X +
(r—i—a)(%n—"T_l)—i-f 1_e(r+w(%n—”7_l)+§)A>}
28 _
e\ - -2 _
L e_ALz B — (2%n2v+1 + %)[%W%’%(Aszﬂ)“%:%n
( e~ @Ga=THHrHOT A e—(w(un—%w%ﬂ))
p=”21—%}

0Gn— SN 4r+E ] e@ia—Fhr+6)a

L Wp. 3 (Ax ] W, 5 (Ax G W, 5 (AL72F)]
(w[Wp,%mLZﬂ)] - ©[W, 5 (AL2)]2 )
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In the CDS limit L = 0, the expression simplifies to:

PV(Acc. Int.)

etBpc
X2 F(|ﬁ|+l)e_%x—2ﬁ
rad+v)

« i bDy(n—1,0)(1 — e*(rerJra)(nfl))T)
r+b+wm-—1)

=0

n=1

1 A
x <r+b+a)(n—1) + 1 —e(r+b+w<”]))4>

Do(n—1,2B)(1 — e~ rtbromT) 1 A
(r+b+wn)/(Bla?) r+b+wn 1—ertbtoma |-

5 Numerical examples

To illustrate the results in Sect. 4, we consider in this section EDS contracts writ-
ten on the JDCEV process with the parameters listed in Table 1. The risk-free rate r
is 5%, the dividend yield ¢ is zero, the volatility elasticity parameter is 8 = —1, the
initial stock price is So = $50. We consider two values of the volatility scale para-
meter a to illustrate the impact of the at-the-money volatility level. We choose a in
the local volatility function o (S) = aS? so that when the stock price is fifty dol-
lars (S = 50), the local volatility o (50) at this level is equal to 20% per annum in
our first example (Example 1) and 40% in the second example (Example 2), namely
a=020%50""=10 and a = 0.40 x 50~! = 20, respectively. To compare the stan-
dard CEV model and the JDCEV model, we consider both the standard CEV and the
JDCEV specifications. In the standard CEV model, b = ¢ = 0. In the JDCEV model,
the constant part of the default intensity b is taken to be 2% per annum. To illus-
trate the effect of increasing the influence of the volatility on the default intensity, we
consider two specifications ¢ = 1 and ¢ = 2 in the JDCEV case. We consider CDS
and EDS contracts with the recovery rate v of 50% per dollar of notional and with

Table 1 CDS and EDS
specification and JDCEV Parameters Example 1 Example 2

parameter values

A 0.25 0.25

v 0.5 0.5

L {0, 15, 25} {0, 15, 25}

So 50 50

r 0.05 0.05

q 0 0

(b, ¢) pairs {(0,0), (0.02, 1), (0.02,2)} {(0,0), (0.02, 1)}
B —1 —1

o 0.20 0.40
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Fig. 1 CDS and EDS rate curves in the CEV and JDCEV models with o (50) = 0.2 (¢ = 10)

quarterly premium payments, i.e., A = 0.25 years. We consider EDS contracts with
triggering levels at 30% and 50% of the initial stock price. We denote these contracts
EDS30 and EDS50, respectively.

Figure 1 plots the CDS, EDS30, and EDS50 swap rates as functions of the swap
maturity (tenor) for the cases with o (50) = 0.2. We observe that the behavior of
the EDS and CDS rate curves is strikingly different in the standard CEV and JD-
CEV models. In the standard CEV model, the curves start at zero, as there is no
jump-to-default. In the JDCEV model, the curves start at one-half the instantaneous
jump-to-default intensity (recall that the recovery rate is set to 50% of the notional
amount), as CDS and EDS contracts may all be simultaneously triggered by a jump-
to-default. We also observe that in the CEV model, there are large spreads between
the CDS, EDS30, and EDS50 rates. This is due to the fact that the contracts can only
be triggered by the CEV diffusion hitting lower barrier levels at 0.5 x Sp, 0.3 x Sp,
and at zero. In the JDCEV model, the corresponding spreads are much smaller since
in addition to hitting the levels via continuous diffusion, all the contracts may be si-
multaneously triggered by a jump-to-default. In particular, CDS and EDS30 rates are
very close, indicating that for this set of parameter specifications EDS30 contracts
behave similarly to CDS contracts. The rates on EDS50 contracts are significantly
higher, since the probability of hitting the level equal to 50% of the initial asset price
via continuous diffusion is substantial, in addition to the probability of a jump-to-
default that is common to all the contracts. We also observe that the spreads of the
EDS contracts over the CDS contracts decrease as the default intensity parameter ¢
increases. This is due to the increased probability of a jump-to-default triggering all
the contracts simultaneously, as well as the decrease in the probability that no jump-
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Fig. 2 CDS and EDS rate curves in the CEV and JDCEV models with o (50) = 0.4 (a = 20)

to-default occurs prior to maturity (CDS is not triggered), but the stock price falls
to the triggering barrier level (EDS is triggered). These observations indicate that the
JDCEV model specification is in better agreement with the empirically observed high
credit and equity event correlation (Jobst and de Servigny [16] Kendall’s tau) than the
alternative models employed in the literature for the valuation of EDS that do not in-
clude the possibility of a jump-to-default, such as the standard CEV or Lévy process
based models.

Figure 2 plots the CDS, EDS30, and EDS50 swap rates as functions of the swap
maturity (tenor) for the cases with higher volatility o (50) = 0.4. Again, the standard
CEV swap rate curves start at zero, but increase rapidly due to the increased prob-
ability of hitting the lower barriers via diffusion in the model with higher volatility.
The JDCEV curves start at one-half the default intensity. The spreads between CDS
and EDS contracts are much smaller in the JDCEV model that in the CEV model due
to the substantial probability of a jump-to-default triggering all the contracts simul-
taneously. However, in this higher volatility situation, the spreads of EDS rates over
CDS rates in the JDCEV model are greater than the very tight spreads observed in
the lower volatility situation in Fig. 1. This is due to the fact that while the jump-
to-default probability increases with the increase in the volatility through the default
intensity dependence on volatility, the probability of hitting the lower barriers by con-
tinuous diffusion increases as well. To further illustrate, Tables 2 and 3 show each of
the components needed to price the EDS and CDS contracts, i.e., the present value
of the protection payoff, premium payments and accrued interest, under the CEV and
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JDCEV models.” We observe that the present value of the protection payment un-
der the CEV model is very small for short maturities. The comparison of the swap
curves under the standard CEV and JDCEV models in the higher volatility scenario
further demonstrates that the JDCEV model offers a significant improvement in fi-
nancial realism over the standard CEV model for valuing CDS and EDS contracts.
The standard CEV model produces CDS and EDS swap rates that are unrealistically
low for short maturities, then increase rapidly with maturity, and produce an exagger-
ated hump for mid-maturities. Moreover, the EDS over CDS spreads produced under
the CEV specification with high volatility are much larger than those produced under
the JDCEV. This is in contradiction with the empirical evidence produced by Jobst
and de Servigny [16].

6 Conclusions

Equity default swaps (EDS) are hybrid credit-equity products that provide a bridge
from credit default swaps (CDS) to equity derivatives with barriers. In this paper, we
develop an analytical solution to the EDS pricing problem under the jump-to-default
extended constant elasticity of variance model of Carr and Linetsky [11]. We argue
that the JDCEV model is well suited to study such hybrid credit-equity products as
EDS, as it naturally incorporates the empirically observed relationships between the
stock price, stock price volatility, and credit spreads. Mathematically, we obtain an
analytical solution to the first passage time problem for the JDCEV diffusion process
with killing. In particular, we obtain analytical results for the present values of the
protection payoff at the triggering event, periodic premium payments up to the trig-
gering event, and the interest accrued from the previous periodic premium payment
up to the triggering event, and we determine arbitrage-free equity default swap rates
and compare them with CDS rates. Generally, the EDS rate is strictly greater than the
corresponding CDS rate. However, when the triggering barrier is set to be a low per-
centage of the initial stock price and the volatility of the underlying firm’s stock price
is moderate, the EDS and CDS rates are quite close. Given the current movement to
list CDS contracts on organized derivatives exchanges to alleviate the problems with
the counterparty risk and the opacity of over-the-counter CDS trading, we argue that
EDS contracts may prove to be an interesting alternative to CDS contracts, offering
some advantages due to the unambiguity and transparency of the triggering event
based on the observable stock price.

Acknowledgements The authors would like to thank Javier Sesma for his helpful advice on finding
roots of Whittaker functions. This research was supported by the National Science Foundation under grant
DMS-0802720.

2In our implementation, we used the built-in functions in Mathematica for the evaluation of Laguerre and
generalized hypergeometric » F» functions. To compute the Whittaker functions, their derivatives with
respect to the first index and their roots with respect to the first index sz;, we implemented the algorithms
developed by Abad and Sesma [1, 2]. We found that these algorithms converge for large values of the first
index faster than the built-in confluent hypergeometric functions available in Mathematica.
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Appendix A: Proofs

A.1 Proof of Theorem 3.1

For the ODE (3.7) with i + b # 0, the transformation u(x) = x%_“'ﬂeégx_zﬁv(y),

where y = Ax 28, reduces it to the Whittaker equation for the function v(y), namely
d? 1 s(s) 1=

v
—z(y)+<——+

dy 4 7 + V)U(y) = 0, (Al)

with A, €, v, s(s), &, and w defined in (3.10). Inverting the change of variables,
the increasing and decreasing solutions of the Whittaker ODE (A.1) are given by the
Whittaker functions vy (y) = M%(S),% (y) and va(y) = W%(S))%(y), respectively. The
Wronskian is given by

ra+v)

W1, v ()= M ONE0) =¥ 020 == Fy

For g < 0, the increasing solution of the ODE (3.7) on the interval (L, co) satisfying
the boundary condition u(L) =0 is

1_ A -2 _ _
Ys(0) = x 27T T W) 5 (ALTF) Moy 3 (Ax )
-2 -2
= Mo5) 3 (ALT2P) W, g 5 (Ax )],
The decreasing solution vanishing at infinity, limy4ec u(x) =0, is
1_ AL -2 _
b5 (x) =x7 M2 TW, () w (AxTP).

The Wronskian is

_ “2e eax2#  T'(1+v) —28
(s ) = 21BIAX N S W (AL™).
The speed and scale densities of the JDCEV diffusion are
2 - _
mx) = —zxzc_z_zﬁe_é Ax 2;3’ §(x) = x X AX * (A2)
a

The Wronskian wy := 20(¢s(x), ¥s(x))/s(x) with respect to the scale density is ob-
tained by dividing the Wronskian by the scale density. g

A.2 Proof of Theorem 3.2

The Laplace transform in (3.5), where we substitute the result (3.9) in the explicit
representation for the Laplace transform (3.6), can be inverted via the Bromwich
Laplace inversion formula

Ty — [T
]Ex[e rTg, f() h(X")dul{TLgT}]

1 . _
- (i)rwef?u—w-r”’) / v o Wotstn (A7) ds
L y—ioo S Wicts4r),3 (AL=28) 27 i
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As a function of the complex variable s, the integrand has simple poles at s =0 and
ats =5, = —w (2, — el_T”) — (r+&), where

Ban=1,2,..}={x|W, s (AL7*) =0}.
The zeros s, of the function W%,% (AL?P) are located on the real line with s > HT"
(see Slater [23] p. 105), which implies that the poles of the integrand are located on
the real line (s real) with

1+v 1—v
s<—a)< 56 )—(V-i-é),

which means that s < —(wv+r+ &) <Ofore=1ors < —(w+r+ &) <0 for
€ = —1. Applying the Cauchy residue theorem and calculating the residues at s =0
and s =5, = —w (g, — elfT") — (r + &), we arrive at the result (3.11).

A.3 Proof of Theorem 3.4

We start with the representation:
. 1 y+ioo
B[ o hXodu p(x V7, ] = — SR, f(x)ds, (A3)
2 y—ioo

where R is the resolvent operator of the JDCEV diffusion process on the interval
(L, 00) killed at the rate & and killed at the lower boundary L. The resolvent op-
erator can be written as the integral operator R f(x) = | L°° f(»)Gs(x,y)dy with
the resolvent kernel (Green’s function) (3.13), assuming the integrability condition
fLOO | f(»)Gs(x,y)|dy < oo is satisfied. We first consider the case with L > 0 (EDS).
Using the explicit expression (3.13) for the Green’s function G(x, y) with € = —1
(for B <0 and u + b > 0), for the power function f(x) = x? we obtain

e —ss)

(w+b)rad+v)

M, v (AL™%P)
: { [M”“)»% (Ax™) - wzfj’ AL <03 (Ax_m)]
x(5), 5

(0.0]
3 - _
x/ yﬁ+6—7—ﬁe%i » W%(s)’%(Ay 2ﬂ)dy
X

X

+ W,{(S),%(Ax—zﬁ) /

_3_pg AP 2
; yP+C 2 ﬂez} [M%(S)’%(Ay ﬂ)

M%(s),% (AL_zﬁ)

— e Wae) 3 (A }dy}_
Wies),3 (AL=2P) 0.4 (Ay~F)

. . r-2 I(=2m)I" (142
Using the identity Wy, (x) = ﬁMk,m(x) — F(l/(2+nr;l)—k)(FTIin2)m) My, —m (x),

we further rewrite the resolvent as
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(42— s(s))
(L+b)rad+v)

o
3 —
X [/ yl’+0—i_ﬁe%y Zﬂ W%(S)’%(Ay_zﬁ) dy
X

_ X
1F—( 2 / y”“_%‘ﬁe%y_zﬁM%(s),v(Ay_zﬂ)dy]
(5% — () JL :

RexP = x%‘*ﬂegxm{M%(x),%(szﬁ)

M), 3 (ALY W) 3 (Ax—2P)
Wics), 4 (AL=2P)

o0
) / I W (AP dy
L
L)1+ v)M,) 3 (Ax~28)
I =) (1 —v)
. _3_g A2 _
x/L YPFeTPe Y M v (Ay zﬁ)dy}. (A4)

The integrals are calculated in closed form by using the integrals for the Whittaker
functions in Prudnikov et al. [21] pp. 39—40. This gives

* pre=3—p 4y -28
yPHeTTPer W v (AyTF) dy
X

ATITE DA - N+ e st - 3k

_ 2P 21|
+& +&
2| FECE+DrEE+1-v)
I 9 1— +&
L ATT¥ ) - 1—T/9’|’,1+37—v.Ax_2ﬂ
QIBI =1+ p I EE 4+ 1) 2— 5 1—v ’

ATy 1+2\ﬂ|’
QIBI+2c+ p) T (2 +1—v) 242
2Bl +E)
w

H—E
; Ax_2ﬁ>
Z\ﬂl ’

— 2c (this restriction is due to I'((s + &) /w — 2c + p)/(2]B])) in
the first term, since the Gamma function tends to infinity when its arguments are
negative integers), and

. _3_pg A, _
/ TIP3 (A7) dy

L

1+v ‘7 2c+p s+§

A 20284 1+ %2 14

= 7)6 2F2 2|ﬁ| Axizﬁ
2|Bl+2c+p 2+ 52,

for p <

I4v s+§
AR [2c=2B+p 1+ ,

_ »F 2\/3\ AL—Zﬂ
281 42¢+p T\ 24 522 14y
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for p > —2(c +|B|) if L =0, and for all real p with L > 0.
Substituting these results into (A.4), along with 1% —x(s) =1+ %, we ob-
tain for the action of the resolvent operator on the power function x? the explicit

expression that (R x?) equals

x%—c+ﬂe—%x*2ﬂ
(L+b)rad+v)

1—2¢—2p

G M- M1+ S M3 — 32

EYNE 21|
x{M v (Ax 2P
{ 05 )[ 2181 reEEE 41—y

- 2B

. =
AT x4 () L= 1+ —v
2Bl —1+p 2-Lp 1y '

Y2 2e-284p () (o L 522 1 4 528
AT FEWPEE+D 26| © Ap-26 ]

217
FEE 4 1-0)QIBI+2¢+ p) 2+ 35 140

v —28
WA, (ax)
Wacts), 5 (AL=2) 7702

1=2c—2p 1 p—1 2e4p +E _ 2ctp
|:A B oh DL+ S (1 + SRy r (8 — 2ty

211 reE+1-v)
. 1—p +&
AT LM pey (I ISRy
BTV T P e s
~ o Y
; 2c+ +s+€
Aler L2c+])*2ﬂ]"(—v)1"(%+1) I+ 2le3|p’ - “S) - ALT28
_ 2 ’
Q1B +2¢+ p) T+ 1) 24 P L+

F)(1+ )M, 3 (Ax~2F)
B r'(1—v)

A 20-2B+p

1+20+p w+s+E&

e -Ax_2ﬁ>
2+22C|%,1+v

28l +2c+p 7

v X 2c+p +s+&
_ A%chfzﬁ“z 3 T+ 587 %AL*%
21Bl+2c+p 24+ 3 14 ’
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We investigate this expression as a function of the complex variable s. This function
has three series of poles. To recover the expectation (A.3), we need to invert the
Laplace transform by calculating the Bromwich contour integral on the right-hand
side of (A.3). We use the Cauchy residue theorem to reduce the Laplace inversion
integral to the sum over all the residues at the poles of the integrand. Two series of
poles lie along the negative part of the real axis and contribute non-zero residues to
the calculation of the contour integral by the Cauchy residue theorem (see Fig. A.1).
The third series of poles also lie along the negative part of the real axis but have
vanishing residues. The three series of poles and the corresponding residues are as
follows.

(a) The Gamma function I (% — 226‘;1” ) has simple poles at the points
s=s8, = w(226|+f’ —n)—&,n=0,1,2,... The residues at these poles are cal-

culated using the well-known result for the residues of the Gamma function at
negative integers that

Res I'(z) = (—1)"/n!, n=0,1,2,....
7=—n

Calculating the residues at these poles produces the first sum in the expres-
sion (3.13).

(b) The second series of poles comes from the factor 1/ W%(S),% (AL—2P). Recall that
the Whittaker function W%’% (AL_zﬂ ) has a series of zeros s, n=1,2, ..., de-
scribed in Theorem 3.2 (see also Slater [23], p. 105). These zeros lead to the poles
of 1/Woi(s).3 (AL™?P) at s = s, such that s(s,) = 55, n = 1,2, ... Calculating
the residues at these poles produces the second sum in the expression (3.13).

(c) The Gamma function F(% + 1) has simple poles at s =5, = —w(n + 1) — §,
n=0,1,2,... Calculating the residues at these poles, we find that each residue
has the factor (in this case »(s,) =v/2+n+1/2)

—28
|:M;+n+;,;(AL )Wu

Wo, 1o (AL-2F) pnrh

Axizﬂ) - M%+n+%,§ (Axm)]
Ln+l.s

However, when k = % +n— %, n=1,2,..., the Whittaker functions Mk,%(x)
and Wy s (x) become linearly dependent and reduce to the generalized Laguerre

Fig. A.1 Integration contour A
and singularities at the points
s = p(u+b) — (b+wn) and R
{s] W;«r(s),% (AL_Zﬁ) =0} Singularities at ..k’ ;
s=p(u+b) - (wn+b) o S
n=0,1,2,... x‘
E. E Re(s)
' &
Singularities at "x E
{5Wists)v23 (ALY )=0} e} oo
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polynomials (see Buchholz [8] p. 214). Thus, these factors with the Whittaker
functions vanish, and the contributions from these poles to the Laplace inversion
vanish.

Finally, the results for the limiting case L = 0 (CDS) are obtained by observing that
the ratio M,.(y) y (AL™>P) /W)y (AL™*P) tends to 0 in the limit L — 0. O

Appendix B: The case with u +5 <0

The counterpart of the expression (3.13) for u +b <0 is

o0
E, [e‘f(; h(Xl¢)d”1{TL>,}(X,)P] — xi-cHByr Ze_l"’ en Na Wy, v (Ax_zﬁ),

n=1

where A, &, v, w are defined in (3.10), {55, n=1,2,...} = {%|w%,%(AL—2ﬁ) =0},
and N,,, A,, and ¢, are defined by

a?|BIT(1/2+v/2 = 3)M,,, 3 (AL=2F)
FA+V)[FE W, s (AL728)]]5—s,

1—v
)an—a) ) — My +€7

1-2p—2c¢

_1 _
_2Nn|:A alpi 2r(2§‘;f+1)r(’2’|—ﬁ}+1)

h="3 2c12p—1
a 28I = + 3 — »a)

[l R P} 2c+ +1

_ATLE Do) (SR L
2 +21Bl+p T3 — ) vl P42
v p—2p-1 pl 1

ALl re g (ow b IRECEE AN )
P28 =1 (32— ) R

n=

The counterpart of the expression (3.14) for u +b < 0 is

E, [3_ Jo h(X”)dul{TL >t}(Xt)p]

00 1-p
— AT F(zc 2 1) D eletmmm=er S 0 (42,
2181 = r+mn "

The proofs are available upon request. The proofs for the case with u + b < 0 are
actually easier than for the case with u + b > 0 presented in Appendix A, since the
function f(x) = x” is in the Hilbert space L>((L, o0), m) for i + b < 0, and hence
one can write down the spectral expansion directly instead of inverting the Laplace
transform (of course, inverting the Laplace transform by applying the Cauchy residue
theorem leads to the same spectral expansion).
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