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Abstract Inarecent paper, van Binsbergen and Brandt (Computational Economics,
29, 355-367, 2007), using the method of Brandt et al. (Review of Financial Studies,
18, 831-873, 2005), argue, in the context of a portfolio choice problem with CRRA
preferences, that value function iteration (VFI) is inferior to portfolio weight iteration
(PWI), when a Taylor approximation is used. In particular, they report that the value
function iteration produces highly inaccurate solutions when risk aversion is high and
the investment horizon long. We argue that the reason for the deterioration of VFI is
the high nonlinearity of the value function and illustrate that if one uses a natural and
economically-motivated transformation of the value function, namely the certainty
equivalent, the VFI approach produces very accurate results.
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1 Introduction

Portfolio choice problems form a very important class of research problems in financial
economics. Despite the great progress that has been made on the theoretical front of
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194 L. Garlappi, G. Skoulakis

this literature,! a large number of interesting and relevant problems do not admit exact
closed-form solutions and, therefore, call for analytical or numerical approximations.
Indeed, a large number of papers have recently appeared that employ approximation
techniques to tackle challenging portfolio choice problems. These approaches include,
among others, numerical solution of a partial differential equation as in Brennan et al.
(1997), log-linearization of the budget equation as in Campbell and Viceira (1999),
state space discretization as in Balduzzi and Lynch (1999) and Barberis (2000), and,
more recently, Malliavin calculus combined with Monte Carlo methods as in Detemple
et al. (2003). A comprehensive survey of the recent portfolio choice literature can be
found in Brandt (2004).

A common numerical approach to the solution of a portfolio choice problem is to
use value function iteration (VFI) based on the associated Bellman equation. Typi-
cally, in each step of the iteration, one computes the (approximate) value function on
a grid and then, using this information, the value function over the entire state space is
approximated by interpolation or projection on a set of basis functions, such as high-
order polynomials or radial basis functions. In contrast to this approach, Brandt et al.
(2005) (BGSS hereafter) propose an alternative technique that relies on iteration of
the (approximate) optimal portfolio weights. van Binsbergen and Brandt (2007) (vBB
hereafter) further examine the performance of the BGSS approach in comparison to
the traditional VFI approach, in the context of a portfolio choice problem with CRRA
preferences. They find that the VFI approach that uses Taylor approximation produces
less accurate results than the BGSS approach that uses portfolio weight iteration, espe-
cially for high levels of risk aversion and long investment horizons. In this paper, we
argue that this conclusion applies to the specific way that vBB implement the VFI
approach and the main reason for its poor performance is that they approximate the
highly nonlinear value function using low-order polynomials. To mitigate this prob-
lem, we suggest using VFI on the certainty equivalent instead of the original value
function. The certainty equivalent is a much less nonlinear function than the original
value function, especially for high levels of risk aversion. In addition, the original
value function takes values very close to zero for certain values of the state variable,
especially for long horizons. In contrast, the certainty equivalent function is stable
over time and never gets close to zero. Because of these two features, it is much easier
to approximate the certainty equivalent using a set of basis functions, such as polyno-
mials. To support our argument, we solve the same problem as in vBB using the state
variable decomposition (SVD) approach developed in Garlappi and Skoulakis (2008),
that performs VFI on the certainty equivalent. Our results support the conclusion that,
when properly implemented, the VFI approach yields very accurate results over the
entire state space.> We further point out that the Taylor approximation with respect
to next-period wealth used by the BGSS approach is valid only when future optimal
portfolio allocations are independent of current wealth.> This implies that use of the
BGSS approach is problematic when wealth is not a redundant state variable, as is the

! Prominent examples of this literature are the seminal papers by Merton (1973) and Cox and Huang (1989)
that use dynamic programming and martingale techniques, respectively.

2 This point is worth emphasizing as vBB report results only for the mean of the state variable.

3 For further discussion of this issue, see Garlappi and Skoulakis (2008).
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case for CRRA preferences. This excludes a number of important applications includ-
ing realistic problems with taxes, transaction costs, and labor income. In contrast, the
Taylor approximation used by the SVD approach is valid even when future optimal
portfolio allocations do depend of current wealth.

The rest of the paper proceeds as follows. In Sect. 2, we describe the portfolio choice
problem for an investor with CRRA preferences facing an investment opportunity set
that consists of one risk-free and one risky asset with predictable returns. In Sect. 3, we
describe the SVD approach, while in Sect. 4, we report empirical results that illustrate
the numerical accuracy of the value function iteration that uses the certainty equivalent,
as applied by the SVD method. We briefly conclude in Sect. 5.

2 Portfolio Choice Problem with CRRA Preferences

Consider an investor whose objective is to maximize expected utility of wealth at some
terminal date 7. The investor’s preferences are described by a utility function U. The
investment opportunity set consists of a risk-free asset and N risky assets. The gross
interest rate on the risk-free asset is denoted by R ¢, the vector of excess returns on the
risky assets from time ¢ to time ¢t + 1 is denoted by R, 1, and the investor’s wealth at
time ¢ is denoted by W;. At time 0, the investor’s optimization problem can then be
expressed as:

max Eo[UWp)] (1)

{or },;()

where wy is the N-dimensional vector of portfolio weights on the risky assets at time ¢.
The evolution of wealth is described by the budget equation

Wist = Wi(Ry + @) Ris). 2)

We assume that the investment opportunity set varies over time and therefore, besides
the wealth W;, there are additional state variables that govern the evolution of returns
over time. Denoting these state variables by S;, we have that the value function, or
indirect utility of wealth, denoted by J;, depends on both W, and S;. The investor’s
problem is then characterized by the sequence of problems

Jr(W, §) = m%?il E, [UWr)] 3)

{wr}1—=t

subject to the budget Eq. 2. The problem is then equivalent to the Bellman equation

Ji (W, ) = Hcluax E; [Jt+1 (Wit1, St-H)] . “4)

4 Since the main purpose of the paper is to facilitate a comparison with the PWI approach of van Binsbergen
and Brandt (2007), we adopt their framework and ignore intermediate consumption. See Garlappi and
Skoulakis (2008) for a problem that incorporates consumption in the context of recursive preferences.
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Typically, the solution to the Bellman equation relies on backward iteration on the
value function J; starting from the terminal condition J7(Wr, St) = U(Wr). How-
ever, it is worth pointing out that, instead of J;, one can use any strictly monotonic
transformation of J; in the backward recursion; there is no loss of information in
using such transformation. The advantage of using a transformation is that one can
control the nonlinearity of the function used in the recursion. This is an important point
because this function has to be approximated in each step of the backward induction
and, therefore, avoiding hard-to-approximate highly nonlinear functions can be critical
in achieving computational accuracy and efficiency. In the present context of portfolio
choice, there is a natural candidate for such a transformation, namely the inverse of the
utility function U —1 Under this choice, it follows that the transformed value function
V; = U~1(J;) is nothing but the certainty equivalent of J;, implicitly defined by

Ji (Wi, 1) = U(Vi(Wy, 1)) )

To facilitate a comparison with the results in vBB, we restrict our analysis to the case
of CRRA preferences. We assume that the investor has power utility function with
coefficient of relative risk aversion y:

-y

UW) = =y

(6)

It is well-known that the homotheticity of CRRA preferences implies that the value
function J; is separable in its two arguments, W; and S;. To see this, let us guess that
the value function J; is of the form

w7 1
Jr (W, S;) = 1’ th(Sz) 4 (7

or, equivalently, the certainty equivalent is linear in wealth:
Vi(We, S) = WiV (Sh). (3)

The function V, (S;), that captures the dependence of the certainty equivalent function
Vi(W;, S;) on the state variable S;, is referred to as the reduced certainty equivalent
function. Substituting the expression (8) for V;(W;, S;) in Eq. 4 and using the budget
Eq. 2, we obtain

1—y

w.
L V,(SH'"" = max E; |:
1—vy w;

[Wi(Rf + o) R
I—y

VH](S,H)]—V} :

Then, wealth W; cancels and we obtain the reduced Bellman equation involving V;

1
l—y

1
l—y

Vi(S)!T7 = max E, [(Rf+w;Rt+1)1—V vm(sm)l—Y] ©)
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Therefore, the value function J; indeed has the separable form (7) where the reduced
certainty equivalent function V; solves the Eq. 9. In particular, this fact implies that
optimal portfolio weights are independent of wealth (current or past). This effectively
eliminates wealth from the menu of state variables. Consistent with (7), the terminal
condition on the reduced certainty equivalent function is V7 (S7) = 1.

In contrast, vBB do not use the certainty equivalent transformation and state the
Bellman equation as’

Tu(Sp) = max Er [(Ry + 0 Re)'™ T (i) | (10)
where 7; is the reduced value function implicitly defined by
Ji(Wy, 8 = W7 Tu(Sp). (1

Note that the functions V; and J; are related through the equation

1

V(SHY. (12)
-y

Ji(81) =

As suggested by the presence of the power 1 — y in the preceding equation, it turns out
that 7; is much more nonlinear—and thus much harder to approximate—than ), espe-
cially for high values of the risk aversion coefficient y. We argue that this is the main
reason behind the inferior performance of the value function iteration as implemented
in vBB. While the two versions of the Bellman equation given by (9) and (10) are
mathematically equivalent, working with Eq. 9 is preferable since V; is much easier to
approximate. As illustrated in Eqs. 8 and 11, the homotheticity of CRRA preferences
implies that the value function J;(W;, S;) and the certainty equivalent V;(W;, S;) are
determined by their reduced counterparts 7; (S;) and V; (S;), respectively. Hence, from
this point on and with a slight abuse of terminology, we drop the qualifier “reduced”
and simply refer to the functions J; and V; as the value function and the certainty
equivalent function, respectively.

Although quite general, the methodology discussed in this paper will focus on the
example with predictable risky asset returns analyzed in BGSS and vBB. Specifically,
we assume that there is one risky asset and its log excess returns, denoted by r;, are
predictable by the log dividend yield, denoted by z;. The joint dynamics of (r¢, z;)’
are described by a restricted VAR(1) system as follows

l-Esl L) [l G ) o
241 a; b, 2t Ezt+1 Ez,14+1 0’| or; o,

3 Strictly speaking, our Eq. 10 is a restatement of Eq. 7 in vBB which reads as ﬁz//, Sy =

maxq, Ey [ﬁ(Rf + o} R,_H)FV Wt(St-q-l)] Our function 73 (Sy) is related to the function ¥ (S;) in

vBB through J; (S;) = ﬁw,(&). Working with J; facilitates better interpretation of our results, since
Jt, like V, is an increasing function of the state variable S; in the application that follows.
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198 L. Garlappi, G. Skoulakis

The above setup implies that the predictor z; fully describes the investment opportunity
set and therefore constitutes the only state variable. The log excess returns are defined
by r; = log(Rg ;) —log(R ) where Ry ; denotes the gross risky asset return at time ¢.
It follows that the excess return R, is given by

Ri =Ry, — Ry =Ry —1). (14)

To illustrate the perils of working directly with the value function, in Figure 1 we report
the value function Jp(z) (left panels) and the certainty equivalent function Vy(z) (right
panels) for three choices of the investment horizon T = 20, 30, and 40 quarters, when
preferences are CRRA and the risky asset returns are predictable by the log dividend
yield z, which is the exogenous state variable. The data generating process and the
parameters used are described in Eqs. 13 and 27, respectively, and the coefficient
of relative risk aversion is set equal to ¥ = 15. The solution is based on backward
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Fig. 1 Value function and certainty equivalent. This figure presents the value function [J;(z) and the cer-
tainty equivalent function Vy(z) (see Eqs. 10 and 12) for three choices of the investment horizon 7 =
20, 30, 40. The preferences are CRRA and the returns predictable by the log dividend yield z. The data
generating process and the parameters used are described in Eqs. 13 and 27, respectively. The annualized
risk-free rate is set equal to 6% and the coefficient of relative risk aversion is set equal to y = 15. The solu-
tion is based on backward induction on the certainty equivalent. The expectations in the Bellman equation
are computed using Gauss-Hermite quadrature with 6 nodes
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induction on the certainty equivalent function V;(z) using a quadrature-based discret-
ized state space approach (see Sect. 4 for details). As the figure illustrates, the value
function Jp(z) is a more nonlinear function of the state variable z compared to the
certainty equivalent function Vy(z), making it harder to approximate. Furthermore,
the value function assumes values very close to zero, especially for longer horizons.
This is an undesirable property when an approximation is needed because the value
function might end up being approximated by a function that takes on both positive and
negative values. In contrast, the economically motivated transformation suggested by
the certainty equivalent addresses both of these problems at once: the certainty equiv-
alent function is easier to approximate and is far away from zero, reducing the risk of
perverse approximations.

In the next section, we introduce the SVD approach of Garlappi and Skoulakis
(2008) and in the following we implement it numerically for the case of CRRA pref-
erences and predictable returns.

3 The State Variable Decomposition (SVD) Approach

The SVD approach uses value function iteration on the certainty equivalent V; based
on the Bellman Eq. 9. The main purpose of SVD is to provide a computationally effi-
cient and accurate method for computing the conditional expectations involved in (9).
Specifically, SVD decomposes the random variables r,y; and z;41 (or equivalently
the state variables Wy and z;41) into their conditional means and the associated
shocks and uses a Taylor approximation to achieve a separation between quantities
that depend only on choice variables and quantities that depend only on shocks to
the state variables. As a result of this separation, the computation of the conditional
expectations in (9) reduces to the computation of conditional expectations that depend
only on shocks and not on choice variables. These expectations can then easily be
computed, either analytically or numerically.

To illustrate the SVD approach in more detail, let us use the definition of U and
Eq. 14 to rewrite the Bellman equation (9) as

Ue) = max E [U (Rp(L+ (™ = 1) Vit G ™ | (15)

Suppose that an approximation to V; has already been obtained for the period 7 4 1.
The goal is to obtain an approximation to V; using (15). We will implement two ver-
sions of the SVD method. The first, which we label Partial SVD (PSVD), is based
on the decomposition of only the return r;4; in (15). The second, which we label
Full SVD (FSVD), is based on the decomposition of both the return r,1 and the state
variable z;41.

3.1 The Partial SVD (PSVD) Approach

The PSVD approach consists of the following three steps. First, we decompose the
risky asset log excess return r; into its conditional mean and the corresponding shock:
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200 L. Garlappi, G. Skoulakis

Ti4l = Mrt + Err+1 (16)

where u,; = E¢[ri+1]1 = ar + b,z; and the shock ¢, ;| satisfies E;[e, ;1] = 0, as it
follows from the VAR system (13). In the second step, we separate the choice variable
w; from the shock &, ;41. Define the function

Git1(eri41) = U (8t+1(8r,t+1)) (17)

where

gr1(Erii1) = Ry (1 + ay (e Hermt — 1)) (18)

and use the M -th order Taylor expansion of G;1 (&, +1) with respect to &, ;41 around
0 to obtain

M
1 d"G;+1(0)
Grri(Eri)) & D ————el . (19)
m! de ’
m=0 " rt+1
The derivatives of the composite function G4 evaluated at O can be efficiently com-

puted through a recursive scheme known as the Fa di Bruno formula.® Note that the
d"G;11(0)

Ao . . .
the desired separation has been achieved. Using the Bellman equation (15) and the
approximation (19), we obtain the approximate Bellman equation

terms depend on the choice variable w, but not on the shock &, ;+1, and thus

M
1 d"G141(0) "
U, = — " FE/ ™V v, 20
Vi (z1)) n}ua,lx - ol dg?jz-f-l t[gmﬂ 141 (Zr41) ] (20)

The above step is important in terms of computational efficiency since the conditional
expectations in (20) do not involve the choice variable w;. This means that the expec-
tations have to be computed only once for each grid point in the state space, at time ¢,
and do not have to be recomputed in each step of the optimization search.

The third, and final, step of the PSVD method addresses the computation of the
conditional expectations E; [SZ’Z 41 Viii1(z +1)1*V] in the approximate Bellman equa-
tion (20). There are two alternatives for completing this step. The first possibility is to
use quadrature methods, as in Judd (1998), to compute the conditional expectations
in (20). According to (13), the shock vector ;11 = (8,,,+1, SZ,I_H) is jointly normally
distributed given the information at time ¢ and therefore Gauss-Hermite quadrature
can be used to compute the required expectations. A second possibility for comput-
ing the conditional expectations is to use the method of parameterized expectations of
Longstaff and Schwartz (2001) and Tsitsiklis and Van Roy (2001) that uses simulation
and cross-sectional regressions. The same method is used by the BGSS approach. If

6 For details on the use of the Fa4 di Bruno formula, see Garlappi and Skoulakis (2008) and Savits (2006).
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we use quadrature then the method is termed the PSVD-Q approach, while if we use
simulation the method is termed the PSVD-S approach.’

3.2 The Full SVD (FSVD) Approach

In contrast to the PSVD approach, the first step of the FSVD approach decomposes
both the return ;41 and the state variable z;41 into their expected and unexpected
components, as follows

Ti4l = Urt + Erptls  Mry = ar + bz, Et[£r,t+l] =0 (21)
4l = Mgt Ezp11, Mg = a; + bz, E[er 411 =0. (22)

In the second step, we separate the choice variable w; from the shock ;11 = (&r1+1,
€z.1+1). To achieve this goal, we define the function

Hip1(e41) = U (hi11(6141)) (23)
where
hipi(erg1) = Ry (1+ @ (e o0 — D) Vg1 (e + &2041)- (24)

The M-th order Taylor approximation of H;1(&;41) with respect to &, around (0, 0)
is

1 (my,m2) mp mp
Hipe) ~ ) o 0, 006 € (25)
0<mi+my<M e
where Ht(fll "m2) (0, 0) denotes the (m 1, m»)-partial derivative of H, 41 (g,41) evaluated

at (0, 0). Using the Bellman equation (15) and the approximation (25), we obtain the
approximate Bellman equation

1
UG =max > B O.00F [ e, ] 6
o milmo! J ’

0<mi4+my<M

The partial derivatives of the composite function H;y; are computed in an efficient
fashion using the multidimensional version of the Fad di Bruno formula. Note that the

derivatives Ht(fll’m) (0, 0) depend on the portfolio weights w; but not on the shocks

er+1. The last step of the generic SVD approach concerns the computation of the
my

conditional expectations E; [8”

+ lez'ff +1]' It follows from (13) that, conditionally on

7 In our implementation, the PSVD-S method has resulted in inferior performance compared to FSVD and
PSVD-Q. An additional advantage of the FSVD and PSVD-Q methods is that they are not subject to Monte-
Carlo error. However, in cases in which analytical computations are not feasible, the PSVD approach is
flexible enough to accommodate a simulation-based computation of expectations. For details see Garlappi
and Skoulakis (2008).
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the information available at time ¢, the vector (& ;+1, €;,:+1) is normally distributed.
Hence, the expectation in (26) is available in closed form and can be computed effi-
ciently using the recursive algorithm in Willink (2005) and Savits (2000).

3.3 Solution of the Problem

The solution to the portfolio choice problem proceeds as follows. We start at time
T using the terminal condition Vr(z7) = 1. At each time ¢, we select a set of grid
points in the state space. Then following the three steps outlined above, we solve the
approximate Bellman equation for each point on the grid to obtain the values of the
function V. Using these values, we obtain an approximation to the certainty equivalent
function V; over the entire state space. This can be done by interpolation or projection
on a set of basis functions such as polynomials or radial basis functions. The procedure
is then repeated until we reach time 0.

While the SVD and BGSS approaches are both based on a Taylor expansion, there
are some important differences between them. First, while the BGSS method uses an
expansion based on a non-zero mean random quantity, specifically the risky portfolio
return @} R, 41, the SVD method uses an expansion based on the shock &; = (&1, &;.1)’
which, by definition, has zero mean. Second, while the original BGSS method uses
portfolio weight iteration and another version, as presented in vBB, uses value func-
tion iteration, the SVD method exclusively uses value function iteration. However, we
should emphasize here that the version of BGSS that uses portfolio weight iteration is
not valid in a generic portfolio choice problem. The reason is that the Taylor expansion
used in BGSS?® is valid only when all future optimal portfolio weights are independent
of current wealth. While this is the case for the standard portfolio choice problem with
CRRA preferences and no frictions, in general, future optimal allocations do depend
on current wealth. For example, this will be the case if preferences are CARA, if there
are taxes and/or transaction costs, or if there is labor income. This dependence on
wealth prevents the application of the BGSS portfolio weight iteration to generic port-
folio choice problems.” Third, while BGSS uses simulation to compute conditional
expectations, SVD is more flexible allowing for simulation-based, quadrature-based,
or fully analytical computation of conditional expectations. A main disadvantage of
the BGSS approach is the rather large associated Monte Carlo error, as can be seen in
Tables 2 and 4 in vBB.

4 Numerical Results
We illustrate the SVD approach using the setup described in Sect. 2 and the parameter

values used in vBB. Specifically, we use a risk-free rate equal to 6% in annualized
terms and the following VAR parameters

8 Specifically, see Egs. 16 and 17 on p. 843 in Brandt et al. (2005).
9 See Garlappi and Skoulakis (2008) for a detailed discussion of this issue.
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[a, b,:| _ [ 0.227 0.060:| |:ar2 a,z:| _ |: 0.0060 —0.0051] @7
a; b, | | =0.1550.958 |* | oy, azz | —0.0051 0.0049 |-

We impose no borrowing and short-sale constraints and therefore restrict all portfolio
weights between 0 and 1. In what follows, we implement two versions of the SVD
approach. The first, referred to as FSVD, is the full version and uses a full decom-
position of both the return and the predictor and computes expectations analytically.
The second, referred to as PSVD-Q, decomposes only the portfolio return and uses a
quadrature-based method to numerically compute the resulting conditional expecta-
tions in (20). For comparison purposes, we also solve the problem using a Discretized
State Space (DSS) approach that uses a quadrature method to directly compute expec-
tations in the Bellman equation (15), as in Judd (1998), without resorting to Taylor
approximations. We refer to this method as DSS-Q and use it as our benchmark. To
achieve high accuracy, we use 500 grid points and linear interpolation of the cer-
tainty equivalent function V; (z,) when we implement the DSS-Q approach. The SVD
approach uses a Taylor expansion of order M = 4, 6, and 8, 100 grid points on the state
space, and approximates the certainty equivalent function V;(z;) with a polynomial
of degree 12 in z;. All numerical computations of expectations use Gauss-Hermite
quadrature with 6 nodes in each dimension.

We present the annualized certainty equivalent return (CER) and the optimal allo-
cation to the risky asset obtained by all three methods. The CER is computed through
extensive simulation. Specifically, for an investment horizon of T quarters and an ini-
tial predictor value equal to zo, we compute the estimated expected utility of terminal
wealth, 12"0 [U(Wr(z0))] by Monte Carlo simulation as follows:'?

, 1< .
Eo [UWr(20))] = 7 Z U(Wr(20)), (28)
i=1
. T_l . .
WiGzo) = [ (1 + i DR (29)
t=0

where I is a large integer, {(z/, RfH) 2t =0,...,T —1},foreachi = 1,...,1,
is a simulated path of predictors and returns according to the data generating process
(13) and the parameter values stated in (27) and w;‘(zf) is the corresponding optimal
portfolio. Each simulated path starts at z6 = z¢. To minimize the impact of simulation
error on our results, we use a very large number of repetitions, / = 10”. The CER is
then computed as

S

CERr(zo) = (U™ (EoluWrzo))" — 1. (30)

We consider four choices for the investment horizon, T = 10, 20, 30, and 40 quarters
and two levels of relative risk aversion, y = 5 and 15. Table 1 reports the annualized

10" Since the initial value of wealth, W, does not affect the CER calculation, we simply assume W = 1.
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204 L. Garlappi, G. Skoulakis

Table 1 Annualized certainty equivalent return

y=5 y =15
210 230 250 270 290 210 230 250 270 290
T =10
DSS-Q 6.08 643 722 872 1203 6.03 6.15 643 697 826
PSVD-Q M =4 608 643 722 872 1204 6.03 6.15 643 697 8.26
M=6 608 643 722 872 1204 6.03 615 643 697 826
M=8 608 643 722 871 1204 6.03 615 643 697 825
FSVD M=4 608 643 722 872 1204 6.03 615 643 697 826
M=6 608 643 723 872 1204 6.03 615 643 697 826
M=8 608 643 722 871 1204 6.03 615 643 697 825
T =20
DSS-Q 634 692 784 929 1209 6.12 635 672 735 876
PSVD-Q M =4 634 692 7.84 929 1209 6.12 635 672 7135 8.74
M=6 634 692 784 929 1209 612 635 672 1735 875
M=8 634 692 784 929 1209 6.12 635 672 734 877
FSVD M=4 634 692 784 929 1209 612 635 672 1735 873
M=6 634 692 784 929 1209 612 635 672 735 875
M=8 634 692 784 929 1209 6.12 635 672 134 877
T =30
DSS-Q 6.65 734 826 957 1191 625 657 7.01 770 9.17
PSVD-Q M =4 665 734 826 957 1191 625 656 7.01 7.69 9.09
M=6 665 734 826 957 1191 626 656 7.01 7.68 9.13
M=8 665 734 826 957 1191 626 657 701 770 9.18
FSVD M=4 665 734 826 957 11.92 626 656 7.02 7.69 9.18
M=6 665 734 826 957 1191 626 656 7.01 770 9.17
M=8 665 734 826 957 1191 626 657 701 771 9.18
T =40
DSS-Q 695 7.67 853 9.69 11.67 640 678 726 798 943
PSVD-Q M =4 695 767 853 969 11.67 640 678 725 793 927
M=6 695 767 853 9.69 11.67 640 678 727 798 938
M=8 695 767 853 969 1167 640 677 7126 798 9.42
FSVD M=4 695 7.67 853 969 1167 641 678 726 799 945
M=6 695 767 853 969 11.67 641 678 727 799 941
M=8 695 7.67 853 969 1167 640 678 725 798 9.43

The table reports the annualized certainty equivalent returns obtained by the quadrature-based discretized
state space method (referred to as DSS-Q), the partial SVD approach that uses quadrature (referred to as
PSVD-Q), and the full SVD approach (referred to as FSVD). The preferences are CRRA and the returns
predictable by the log dividend yield. The data generating process and the parameters used are described in
Eqgs. 13 and 27, respectively. The annualized risk-free rate is set equal to 6%. We consider two values for the
coefficient of relative risk aversion, y = 5, and 15 and four values for the time horizon, T = 10, 20, 30, and
40. We present the results for 5 different initial values of the log dividend yield z. Each value corresponds
to the p-th percentile of the unconditional distribution of z, denoted by z, where p takes values 10, 30,
50, 70, and 90.

CER and Table 2 reports the optimal allocations for 5 different initial values of the log
dividend yield z. Each value corresponds to the p-th percentile of the unconditional
distribution of z, where p takes values 10, 30, 50, 70, and 90.

As is evident from Tables 1 and 2, both versions of the SVD approach are very
accurate across all investment horizons, levels of risk aversion, and levels of the initial
value of the predictor. Specifically, we observe that the absolute difference in certainty
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Table 2 Optimal allocation

y=35 y=15
z10 230 250 270 290 Z10 230 250 270 290
T =10
DSS-Q 0.0 132 428 725 1000 0.0 45 156 27.1 445
PSVD-Q M =4 00 133 427 724 1000 00 51 161 274 442
M=6 00 132 429 725 1000 0.0 45 155 271 447
M=8 00 132 428 725 1000 0.0 44 154 271 447
FSVD M=4 00 124 420 719 1000 0.0 44 154 270 445
M=6 00 133 431 730 1000 0.0 45 156 272 446
M=8 00 133 432 73.1 1000 0.0 43 154 270 447
T =20
DSS-Q 0.0 238 563 887 1000 0.0 112 253 402 625
PSVD-Q M =4 00 239 563 885 1000 00 11.6 257 400 599
M=6 00 242 564 884 1000 0.0 11.2 253 402 627
M=8 00 238 562 886 1000 0.0 11.2 255 404 626
FSVD M=4 00 234 565 892 1000 0.0 106 251 405 633
M=6 00 243 572 897 1000 0.0 105 249 404 634
M=8 00 244 572 897 1000 0.0 107 251 404 632
T =30
DSS-Q 0.0 320 669 100.0 1000 0.0 180 354 537  79.8
PSVD-Q M =4 00 318 66.8 1000 1000 00 17.8 350 515 70.3
M=6 00 31.8 669 1000 1000 0.0 178 353 537 776
M=8 00 319 67.1 1000 1000 00 174 356 547  80.0
FSVD M=4 00 323 67.8 1000 1000 0.0 179 353 538 803
M=6 00 329 683 1000 1000 0.0 174 353 541 80.7
M=8 00 328 684 1000 1000 0.0 175 352 540 80.7
T =40
DSS-Q 0.0 380 768 100.0 100.0 0.0 243 445 654 94.1
PSVD-Q M =4 00 379 768 1000 100.0 0.0 239 430 599 749
M=6 00 379 768 100.0 1000 0.0 243 444 648 86.6
M=8 00 378 769 1000 1000 0.0 243 446 655 923
FSVD M=4 00 383 772 100.0 1000 0.0 243 446 66.1 947
M=6 00 387 77.6 100.0 1000 0.0 242 445 659 946
M=8 00 388 77.6 100.0 1000 0.0 241 445 657 946

The table reports the optimal allocation to the risky asset obtained by the quadrature-based discretized
state space method (referred to as DSS-Q), the partial SVD approach that uses quadrature (referred to as
PSVD-Q), and the full SVD approach (referred to as FSVD). The preferences are CRRA and* the returns
predictable by the log dividend yield. The data generating process and the parameters used are described in
Eqs. 13 and 27, respectively. The annualized risk-free rate is set equal to 6%. We consider two values for the
coefficient of relative risk aversion, y = 5, and 15 and four values for the time horizon, 7 = 10, 20, 30, and
40. We present the results for 5 different initial values of the log dividend yield z. Each value corresponds
to the p-th percentile of the unconditional distribution of z, denoted by z ps where p takes values 10, 30,
50, 70, and 90.

equivalent return does not exceed a few basis points and that the absolute difference
in optimal allocations is not more than 2% compared to the quadrature method, when
M is sufficiently large, i.e., M = 6 or 8. It is important to emphasize that the SVD
approach performs extremely well over the entire state space of the predictor, a prop-
erty that is crucial for addressing realistic problems with long horizons and multiple
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assets/state variables. It is worth emphasizing that, in contrast, vBB report results only
for the mean of the predictor. In summary, the evidence we produce in this subsec-
tion provides strong support for the overall accuracy of the SVD approach that uses
iteration on the certainty equivalent function and Taylor approximations.

5 Conclusion

In this paper, we address the issue of accuracy of the value function iteration (VFI)
approach in the context of numerical solutions to portfolio choice problems. A recent
paper by van Binsbergen and Brandt (2007) argues that the VFI approach is inferior to
the portfolio weight iteration approach developed by Brandt et al. (2005), especially
for high levels of risk aversion and long investment horizon. We argue that this con-
clusion applies only to the specific way that VFI is implemented by van Binsbergen
and Brandt (2007) and that the problem arises because van Binsbergen and Brandt
(2007) approximate the highly nonlinear value function by low-order polynomials.
We demonstrate that working with the certainty equivalent version of the value func-
tion can address this problem. To illustrate our argument, we show that, for a portfolio
choice problem with predictable returns and CRRA preferences, the state variable
decomposition approach, which uses value function iteration on the certainty equiva-
lent function as recently proposed by Garlappi and Skoulakis (2008), produces very
accurate results over the entire state space.
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