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1 Introduction

Since the seminal work of Arrow (1964) and Pratt (1964), there has been a voluminous litera-

ture on the use of polynomial approximations for the computation of expected utility.1 Broadly

speaking, polynomial approximations to expected utility can be thought of as a computational

tool for approximating integrals. Although alternative numerical techniques, such as quadra-

ture2 and Monte Carlo simulation,3 for approximating integrals have become more sophisticated

and powerful since the initial work of Arrow (1964) and Pratt (1964), more recently the subject

of polynomial approximations has re-emerged in the context of dynamic portfolio choice (see,

e.g., Wu (2003), Brandt, Goyal, Santa-Clara, and Stroud (2005), and Garlappi and Skoulakis

(2008)). It turns out that, due to the numerical complexity of these problems, it is often com-

putationally efficient to approximate the utility function by a polynomial obtained via a Taylor

expansion.

The construction of a Taylor approximation to expected utility involves two steps: first, the

utility of future wealth (or portfolio return) is approximated by a polynomial in the deviations

of future realized return from a chosen center of expansion, with the coefficients depending on

the derivatives of the utility function; second, the expectation of this polynomial approximation

is computed. If the series expansion in the first step is converging uniformly, the second step

reduces the computation of expected utility to the computation of moments of the distribution

of deviations, which are simply “displaced” versions of the primitive asset returns. These mo-

ments can often be computed analytically or numerically via, for instance, quadrature methods

(Tauchen and Hussey (1991), Judd (1998)) or Monte Carlo simulations (Glasserman (2004)).

The main computational advantage of Taylor approximations is the fact that the computation

of these moments can be kept separate from the control variable, providing a significant gain

in computational efficiency, especially in dynamic portfolio choice problems (see Garlappi and

Skoulakis (2008)).

There are, however, several issues that need to be dealt with before safely relying on Taylor

series for the approximation of expected utility. First, it is important to ensure that a series con-

verges to the exact expected utility as more terms are added. Obviously, convergence depends

on the type of utility function: for some utility functions such as the exponential, the series

converges for all possible level of returns (i.e., the series has an infinite radius of convergence)

while for other utility functions, such as those in the power class, convergence is guaranteed
1A partial list of papers include Feldstein (1969), Samuelson (1970), Tsiang (1972), Borch (1974), Loistl

(1976), Levy and Markowitz (1979), Pulley (1981), Pulley (1983), Kroll, Levy, and Markowitz (1984), Markowitz
(1991), Hlawitschka (1994), and many others.

2See, for instance, Judd (1998) for a comprehensive textbook treatment and Tauchen and Hussey (1991) for
applications to asset pricing models.

3See the textbooks of Judd (1998) and Glasserman (2004).
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only on a specific range of portfolio returns. Second, the use of a Taylor series inevitably raises

the question of how many terms one needs to incorporate in the Taylor expansion. Perhaps the

harshest criticism on the use of Taylor series approximation is offered by Hlawitschka (1994)

who, building on the earlier work of Loistl (1976), argues that the usefulness of Taylor series

approximations is strictly an empirical issue unrelated to the convergence properties of the infi-

nite series, and, most importantly, that even for a convergent series adding more terms does not

necessarily improve the quality of the approximation. Despite the long history of polynomial

approximations to expected utility, the literature to date provides remarkably little guidance

for a correct implementation of these techniques to the solution of portfolio choice problems.

The purpose of this paper is to provide a set of general conditions under which Taylor series

can be used as a sound computational tool for both the evaluation of expected utility of a

given portfolio and the solution to a portfolio choice problem. Given a utility function, the

convergence of a Taylor approximation to expected utility depends on the properties of the

distribution of future wealth (or asset returns). Intuitively, the “smaller” the deviations of the

shocks to wealth from the chosen center of the Taylor expansion, the more likely that the series

converges. In this paper, we provide precise conditions to make this intuition rigorous. Our

results are derived for the class of HARA utility functions and are valid for any distribution of

the shocks to asset returns, provided that it has a bounded support, a rather mild requirement

for returns over a finite time period.

In the first part of the paper (Section 2), we analyze the Taylor series approximations

to the expected utility of a given portfolio of assets. This is the problem studied by the early

literature cited above. If the distribution of future wealth is bounded, we show that by choosing

an expansion point in the upper half of the return distribution the Taylor series is guaranteed

to convergence to the exact expected utility. Moreover, by choosing a sufficiently high center

of expansion it is possible to obtain a Taylor series for which the sequence of partial sums with

even number of terms converges monotonically to the exact expected utility. This addresses the

concern raised by Hlawitschka (1994) that adding more terms in a series does not necessarily

improve the approximation.

The key to a successful implementation a Taylor approximation to expected utility is to

minimize the size of the deviations of realized returns from the chosen center of expansion.

The ideal setup would be the one in which the distribution of portfolio return is symmetric

and has narrow support. Building on a principle widely used in statistics and econometrics

(e.g., Box and Cox (1964)), we demonstrate that the quality of a Taylor approximation can

be improved by performing a suitable nonlinear transformation of the portfolio return that

makes the distribution of the transformed return (close to) symmetric and shrinks its support.

Through numerical examples, we illustrate that Taylor expansions applied to symmetrically

3



distributed returns provide more accurate approximations than expansions applied to skewed

return distributions. This happens because using symmetric distributions allows to minimize

the maximum deviations from the center of expansion. The use of such transformations can

help resolve the difficulties associated with applying Taylor series approximation to problems

with skewed returns.

In the second part of the paper (Section 3), we address the more challenging issue of pro-

viding conditions for the sound use of Taylor series approximations for solving portfolio choice

problems. The complexity of this problem arises from the fact that in order to be able to cor-

rectly use Taylor approximations, it is important to make sure that the proposed approximation

converges uniformly across all admissible portfolio allocations. Under the mild assumption of

bounded asset returns, we determine sufficient conditions on the shocks to asset returns that

guarantee convergence of the solution of the approximate optimal portfolio choice to the ex-

act optimal portfolio. As before, the choice of the center of expansion is crucial for ensuring

convergence of the approximate optimal allocations. In light of recent work that has relied

on Taylor approximations for the solution of dynamic portfolio choice problems, this result is

important because it provides a way to assess when such approximations are a sound compu-

tational tool and when, instead, they should be avoided. We finally show that, when solving a

portfolio choice problem with skewed asset returns, the accuracy of the Taylor approximation

can be improved if one takes as primitive in the expansion not the actual (skewed) returns

but, instead, a suitable nonlinear transformation designed to reduce the degree of asymmetry

and shrink the support of the transformed variables. This change-of-variable approach relates

to, and can be viewed as a extension of, the loglinearization technique that has been used in

the literature to obtain approximate analytical solutions to portfolio choice models (see, e.g.,

Campbell and Viceira (1999), Campbell and Viceira (2002), and Campbell, Chan, and Viceira

(2003)). Note that loglinearization amounts to a first-order Taylor expansion with respect to the

logarithm of the variable of interest. The approach in this paper, instead, is based on a generic

Taylor expansion with respect to a nonlinear transformation of asset returns. Our numerical

implementations indeed illustrate that, when asset returns are skewed, Taylor approximations

applied to the transformed asset returns converge faster and are more accurate.

The theoretical results in this paper are proved using complex-theoretic techniques. The

proofs utilize a number of auxiliary results that are presented in Appendix A. All proofs are

presented in Appendix B.

2 Expected utility

In this section, we consider Taylor series expansions for approximating the expected utility

of a given portfolio. We first provide general conditions that guarantee convergence of the
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approximate expected utility to the exact expected utility. We then show that, by choosing an

appropriate nonlinear transformation of portfolio returns, it is possible to improve accuracy of

the Taylor series approximation. We conclude the section with a set of numerical examples.

2.1 Taylor approximation based on a linear decomposition

Consider an investor with initial wealth W0 invested in a portfolio that earns a stochastic gross

return Rp over a given planning horizon. Let U(W1) denote the utility of terminal wealth

W1 = W0Rp. We restrict attention to utility functions in the HARA class

U(W1) =
1

1− γ

(
W1 +

γ

α

)1−γ
, (1)

where α 6= 0, γ 6= 1, γ > 0 and W1 + γ
α > 0.4 Without loss of generality, we assume that W0 = 1

and focus on the utility of portfolio return Rp
5

U(Rp) =
1

1− γ

(
Rp +

γ

α

)1−γ
. (2)

The Taylor series approximation to the utility U(Rp) is obtained as follows. The starting point

is the linear decomposition Rp = cp + dp, where cp is the deterministic constant to be used as

the center of the Taylor expansion and dp = Rp− cp is the associated stochastic deviation. The

utility (2) as a function of the deviation dp then reads

Ũ(dp) =
1

1− γ

(
cp + dp +

γ

α

)1−γ
. (3)

Because Ũ(dp) = U(Rp) and Ũ(0) = U(cp), the M -th order Taylor approximation UM (Rp) to

U(Rp) can be expressed as UM (Rp) =
∑M

m=0
1

m!U
(m)(cp)dm

p , or equivalently

ŨM (dp) =
M∑

m=0

1
m!
Ũ (m)(0)dm

p , (4)

where

U (m)(cp) = Ũ (m)(0) = (−γ)m−1

(
cp +

γ

α

)1−γ−m
, m = 1, 2, . . . (5)

and (x)k denotes the falling factorial (x)k ≡ x(x−1) · · · (x−m+1). The resulting approximate

expected utility is

E[ŨM (dp)] =
M∑

m=0

1
m!
Ũ (m)(0)E[dm

p ]. (6)

4The HARA class contains a number of frequently used utility functions as special cases. As γ → 1 and
α →∞ in (1), we obtain the logarithmic utility function. When γ 6= 1 and α →∞, we obtain the power utility
function with CRRA coefficient γ. Finally, when α > 0 and γ → ∞, we obtain the exponential utility function
with CARA coefficient α.

5To obtain this normalization the parameters of the HARA utility function need to be adjusted in an obvious
fashion. From W1 = W0Rp we have U(W1) = W 1−γ

0

[
1/(1− γ) (Rp + γ/αW0)

1−γ]
, where the quantity in square

bracket is of the HARA form (1).
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Throughout this section, we will consider portfolio returns with support satisfying the following

assumption.

Assumption 2.1 The support of the distribution of portfolio return Rp is the closed interval

[Rp, Rp], where Rp > − γ
α .

Note that, under Assumption 2.1, the utility function (2) is well-defined. The assumption

of compact support on the portfolio return might seem restrictive and at odds with common

modeling practice that incorporates distributions with infinite support, such as normal. How-

ever, our results are still relevant for two reasons. First, the return distribution for a specific

investment horizon, e.g., annual, can reasonably be assumed to have bounded support. Second,

even under the assumption of infinite support for asset returns, one can obtain an arbitrarily

close approximation by first truncating the return distribution in the extreme tails and then

applying the Taylor approximation.

The following proposition provides conditions under which the approximate expected utility

derived from equation (4) converges to the exact expected utility E[U(Rp)], as the number of

Taylor terms M tends to infinity.

Proposition 2.2 Let Rp satisfy Assumption 2.1, cp be the center of expansion of the Taylor

approximation to expected utility (2), and dp = Rp − cp be the associated portfolio return devi-

ation. If |dp| ≤ Dp, with Dp < D∗
p = cp + γ

α , then ŨM (dp) converges to Ũ(dp) uniformly in dp

and the approximate expected utility E[ŨM (dp)] converges to the exact expected utility E[Ũ(dp)],

as M →∞.

It is important to stress that the conditions of the proposition are sufficient but not nec-

essary. To illustrate the point, consider the case of exponential utility, U(Rp) = −e−αRp ,

and assume that the portfolio return Rp is normally distributed with mean µp and variance

σ2
p. The expected utility then is E[U(Rp)] = −e−αµp+ 1

2
α2σ2

p . If we choose µp as the cen-

ter of expansion, the M -th order Taylor approximation to the expected utility is given by

E[UM (Rp)] =
∑M

m=0
1

m!(−1)m+1αme−αµpE[dm
p ]. Given the normality assumption, it follows

that the odd moments of dp are zero and the even moments of dp are given by

E[d2k
p ] = σ2k

p (2k − 1)!!

where (2k − 1)!! = 1 · 3 · · · (2k − 1). Hence, 1
(2k)!E[d2k

p ] = 1
k!

1
2k σ2k

p and therefore

E[U2K(Rp)] = −e−αµp

K∑

k=0

1
k!

[
α2σ2

p

2

]k

→ −e−αµp+ 1
2
α2σ2

p = E[U(Rp)],

as K →∞, despite the fact that Rp does not satisfy Assumption 2.1.
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The following corollary shows how to select the center of expansion in order to guarantee

convergence of the Taylor series.

Corollary 2.3 Let Rp satisfy Assumption 2.1. If cp > 1
2

(
Rp − γ

α

)
, then there exists a bound

Dp < cp + γ
α so that Proposition 2.2 applies. Moreover, cp ≥ 1

2

(
Rp + Rp

)
implies cp >

1
2

(
Rp − γ

α

)
.

The second part of the corollary implies that choosing the midpoint of the support of

the return distribution always guarantees convergence of the Taylor series. Note that if the

distribution of Rp is symmetric, then the midpoint 1
2

(
Rp + Rp

)
equals the expected portfolio

return µp which is the common choice of expansion point for Taylor approximations to expected

utility (see, e.g., Loistl (1976)). If the distribution of Rp is negatively skewed, then the mean

µp is larger than the midpoint 1
2

(
Rp + Rp

)
. In these two cases, selecting the mean µp as

the center of expansion ensures that the sufficient condition in Corollary 2.3 is satisfied and

therefore convergence is guaranteed. However, if the portfolio return distribution is positively

skewed, choosing the mean µp as the center of expansion might lead to violation of the sufficient

condition in Proposition 2.2. If the condition in Proposition 2.2 is indeed violated, then the

portfolio return takes values outside the radius of convergence with positive probability and, as

the next proposition shows, the Taylor approximation to expected utility does not converge to

the exact expected utility.6

Proposition 2.4 Let Rp satisfy Assumption 2.1, cp be the center of expansion of the Taylor

approximation to expected utility (2), and dp = Rp − cp be the associated portfolio return de-

viation. If P [|dp| ≥ L] = q > 0, where L > D∗
p = cp + γ

α , then the series representing the

approximate expected utility in (6) does not converge.

Knowing that a Taylor series converges is not sufficient to guarantee that including addi-

tional terms to the expansion improves the approximation. As Hlawitschka (1994) points out,

a Taylor expansion with more terms may provide a worse approximation of the exact expected

utility than one with fewer terms. Therefore, it is important, for practical purposes, to ob-

tain a priori conditions under which including additional terms improves the quality of the

approximation. The approximate expected utility in (6) can be expressed as follows

E[UM (Rp)] =
M∑

m=0

1
m!

U (m)(cp)E[dm
p ]. (7)

6Technically, the sufficient condition for divergence in Proposition 2.4 is not exactly the complement of the
sufficient condition for convergence in Proposition 2.2. In fact, the sufficient condition for convergence is that
P[|dp| ≤ Dp] = 1 for some Dp < cp + γ

α
while the sufficient condition for divergence is that P[|dp| ≥ L] > 0 for

some L > cp + γ
α
. If P[|dp| = cp + γ

α
] > 0 and P[|dp| > cp + γ

α
] = 0, then it is not clear whether the Taylor series

converges or diverges.
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Note that, according to (5), U (m)(·) > 0 if m is odd and U (m)(·) < 0 if m is even. Therefore,

the contribution of the m-th term in (7) is determined by the sign of the m-th moment E[dm
p ].

This moment is positive for even m and therefore all even-order terms in the approximation (7)

are negative. In contrast, for odd m the moment E[dm
p ] can be either positive or negative.

If the moment is negative (positive) then the corresponding term in the expansion is also

negative (positive). Hence, if the odd-order moments are positive then the sequence of partial

Taylor sums is oscillating and the convergence of the approximate expected utility to its exact

counterpart is not monotonic. These observations provide a theoretical explanation for the

issue of non-monotonicity highlighted in Hlawitschka (1994). It also suggests that, by focusing

attention on partial Taylor sums of even order, it is possible to achieve monotone convergence.

The following proposition makes this argument precise and provides a sufficient condition for

monotone convergence of the Taylor approximation.7

Proposition 2.5 Suppose that the portfolio return deviation dp satisfies the condition |dp| ≤ Dp

with Dp < D∗ = cp + γ
α . If the moments of dp are such that, for K = 1, 2, . . .,

U (2K−1)(cp)E[d2K−1
p ] +

1
2K

U (2K)(cp)E[d2K
p ] < 0, (8)

then the sequence E [U2K(Rp)] converges monotonically from above to the exact expected utility

E [U(Rp)]. For the case of HARA utility, the above condition is equivalent to

2K
(
cp +

γ

α

)
E[(Rp − cp)2K−1] < (γ + 2K − 2)E[(Rp − cp)2K ]. (9)

The intuition for the condition in the above proposition is simple: because even-order

terms are negative, the partial sum of order 2K − 1 has a larger value than the partial sum

of order 2K. To guarantee that the sequence of partial Taylor sums of even order converges

monotonically, it suffices that the sum of the 2K − 1 and 2K order terms be negative, for

K = 1, 2 . . .. This is exactly what conditions (8) and (9) state. Importantly, the choice of the

center of expansion cp is crucial for ensuring that (9) holds. As cp increases, E[(Rp − cp)2K−1]

decreases and eventually becomes negative. In contrast, the right-hand side in (9) is always

positive. Therefore, when the number of Taylor terms is even, say M = 2L, one can choose a

large enough cp so that condition (9) holds for all K = 1, . . . , L. Selecting cp in such a fashion

yields monotonic convergence of the Taylor approximation, if one considers partial sums of even

order. However, one should avoid choosing an excessively large value for cp since this might

result in slow convergence.
7A similar condition is derived in Jondeau and Rockinger (2006).
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2.2 Taylor approximation based on a nonlinear decomposition

A successful implementation of any approximation scheme relies on controlling and minimizing

the approximation error. In the context of Taylor expansions used to approximate expected

utility of portfolio returns, this means minimizing the deviations of realized returns from the

chosen center of expansion. To this purpose, the ideal setup for Taylor expansion is one in

which the distribution of portfolio return is symmetric and with narrow support. Symmetry

helps because, when choosing the midpoint of the support of the return distribution as the

center of expansion, it is possible to make the highest possible deviation from the center as

small as possible. A narrow distribution helps because it ensures that deviations from the

center of expansion, and hence approximation errors, are not too large.

In this subsection, we argue that, by using a proper nonlinear transformation of portfolio

returns, it is possible to both reduce the degree of asymmetry of the return distribution and

shrink its support. In the next subsection, we show, through a set of numerical experiments,

that using the Taylor series expansion on the transformed variable improves the accuracy of

the approximation. The motivation for using such a transformation is related to the practice,

widely used in statistics and econometrics, of transforming skewed data via a nonlinear mapping

with the goal of approaching symmetry/normality. The Box-Cox transformation is a prominent

example of such transformations (see, e.g., Box and Cox (1964), Draper and Cox (1969), Hinkley

(1975), and Sakia (1992) among others). The transformation we propose can also be thought

as a generalization of the loglinearization technique advanced by Campbell and his authors for

providing approximate analytical solutions for asset pricing models.

To illustrate the main intuition, consider the case of modeling gross returns as lognormal

random variables, as frequently used in the life-cycle portfolio choice literature (see, e.g., Camp-

bell and Viceira (1999), Campbell and Viceira (2002), Campbell, Chan, and Viceira (2003)).

Under this assumption, gross returns are positively skewed. Because Rp = elog(Rp), the log

return log(Rp) is, by definition, normal and therefore symmetric. Moreover, because the expo-

nential is a convex function, the support of log(Rp) is narrower than the support of Rp, i.e.,

the log transformation shrinks the support of Rp.

In the context of the HARA expected utility (2), the above intuition suggests working with

the following transformation

rp = log
(
Rp +

γ

α

)
. (10)

To proceed with the Taylor expansion, we decompose the transformed variable rp as rp = κr+δr,

where κr is the deterministic quantity to be used as center of the expansion and δr = rp − κr

is the associated stochastic deviation. Note that δr does not necessarily have mean zero. From
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equation (2), the utility and its derivatives, defined in terms of the deviation δr, are8

Û(δr) =
1

1− γ
e(1−γ)(κr+δr), (11)

Û (m)(δr) =
1

1− γ
(1− γ)me(1−γ)(κr+δr), m = 1, 2, . . . , (12)

and the M -th order Taylor approximation is

ÛM (δr) =
M∑

m=0

1
m!
Û (m)(0)δm

r =
e(1−γ)κr

1− γ

M∑

m=0

1
m!

(1− γ)mδm
r . (13)

It is well known that the Taylor series approximation to the exponential function converges

over the entire real line. Hence, the above pointwise Taylor approximation (13) converges for

any value of the deviation δr. It follows that, if |δr| is bounded by any positive real number ∆,

then the approximate expected utility based on a Taylor series with respect to rp converges to

the exact expected utility.9

The logarithmic transformation is of practical importance when portfolio returns are posi-

tively skewed since it reduces the skewness and, hence, makes the distribution of the log variable

more symmetric. This feature has implications for the speed of convergence and accuracy of the

Taylor approximation. However, if returns are negatively skewed, this transformation will make

the log variable even more negatively skewed and, hence, worsen the accuracy of the approxi-

mation. Even if asset returns are positively skewed, a negatively skewed portfolio return can

easily emerge if we allow short positions. Therefore, when implementing a Taylor expansion,

it is important to reduce the asymmetry of return distribution also in the case of negatively

skewed returns. To this purpose, we need a sufficiently flexible nonlinear transformation that

can symmetrize the distribution and shrink the support of both positive and negatively skewed

returns.

Among the many possible choices, we propose a parsimonious transformation that implicitly

defines the transformed return y from the original portfolio return Rp through the following

nonlinear relation

Rp = A + BeCy. (14)

From the functional form of (14), we can assume, with no loss of generality, that the trans-

formed random variable y has zero mean and unit variance. Note that the structure of the
8We introduce the notation̂ , as opposed to˜ , to differentiate between the linear decomposition in 2.1 and

the present nonlinear decomposition.
9The assumption of bounded support for δr, or equivalently rp, is sufficient but not necessary for convergence

of the approximate expected utility. To see why, consider the case of power utility (α = ∞) with rp = log(Rp)
being normally distributed. Then, following the argument made in the discussion after Proposition 2.2, one
can show that the approximate expected utility E[U2K(rp)] converges monotonically from above to the exact
expected utility E[U(rp)], as K →∞.
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transformation (14) can accommodate different values of skewness. In particular, assuming

C > 0, a positively (negatively) skewed distribution for Rp = A + BeCy can be accommodated

by a symmetric or positively skewed distribution for y and B > 0 (< 0). In this case, the

transformed variable used in the Taylor expansion will be y = 1
C log

(
Rp−A

B

)
. As before, we

use a deterministic quantity κy as the center of expansion and δy = y − κy as the associated

stochastic deviation. Note that the logarithmic transformation in equation (10) is a special case

of the transformation in equation (14) for A = −γ/α, B = 1, and C = 1.

From equation (2), the utility defined in terms of the deviation δy is

Û(δy) =
1

1− γ

(
A + BeCy +

γ

α

)1−γ
, (15)

and the M -th order Taylor approximation with respect to δy is

ÛM (δy) =
M∑

m=0

1
m!
Û (m)(0)δm

y . (16)

Note that Û (m)(0) is the derivative of the composite function U(g(δy)) where g(δy) = A +

BeCκy+Cδy + γ
α , evaluated at δy = 0. Derivatives of composite functions can be efficiently

computed using the recursive scheme known as the Faà di Bruno formula; see Savits (2006) for

the underlying theory and Garlappi and Skoulakis (2008) for applications to portfolio choice

problems.

The next proposition formally characterizes the domain of convergence of the Taylor series

expansion with respect to the transformed variable y.

Proposition 2.6 Let Rp satisfy Assumption 2.1, define y = 1
C log

(
Rp−A

B

)
, and let Θ = γ/α+A

BeC κy
.

Then, the Taylor approximation (16) with respect to the deviation δy = y− κy converges to the

exact utility (15) for all δy with |δy| < ∆∗
p where

∆∗
p =

{ √
[log (Θ)]2 + π2, if Θ > 0

|log (−Θ)| , if Θ < 0.
(17)

The convergence is uniform on any interval [−∆p, ∆p], where 0 < ∆p < ∆∗
p, and, hence, the

approximate expected utility E
[
ÛM (δy)

]
converges to the exact expected utility E

[
Û(δy)

]
, as

M →∞.

Note that, in the case of the logarithmic transformation in equation (10), we have A = −γ/α

and hence, by (17), the domain of convergence of the Taylor series with respect to the log returns

is the entire real line.

To make the preceding proposition operational one needs to determine the parameters A,

B, and C used in the transformation (14). An intuitive as well as computationally tractable
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approach to this task is to treat the transformed variable y as normally distributed (with mean

0 and variance 1). Using well-known properties of the lognormal distribution, it is possible

to specify A, B, and C such that the first three moments of A + BeCy match the first three

moments of Rp. Specifically, given target values (µp, σp, ξp) of the mean, standard deviation,

and skewness of Rp, we can find A, B, and C such that

µp = A + Be
1
2
C2

,

σ2
p = B2eC2

(
eC2 − 1

)
,

ξp = sign(B)
(
eC2 − 1

)1/2 (
eC2

+ 2
)

.

Solving the system for A, B, and C yields

A = µp −BeC2/2, (18)

B = sign(ξp)
σp√

eC2(eC2 − 1)
, (19)

C =

√
log

(
Γ− 1 +

1
Γ

)
, Γ =


ξ2

p + ξp

√
4 + ξ2

p + 2

2




1/3

. (20)

Note that, while the assumption of normality for y is clearly at odds with the bounded support

condition required by Proposition 2.6, it simply provides a practical way of obtaining the

parameters A, B, and C and implementing the nonlinear transformation y = 1
C log

(
Rp−A

B

)
.

In next subsection, through numerical examples, we illustrate the effectiveness of the nonlinear

decomposition discussed above.

2.3 Numerical examples

We now turn to some numerical examples to illustrate the practical implications of the theo-

retical issues discussed above. Although the full advantage of Taylor approximation becomes

more evident in multi-period portfolio choice problems (see Garlappi and Skoulakis (2008)), in

this section we limit ourselves to the case of single-period expected utility calculations, to fully

reflect the theoretical arguments of the previous two subsections.

Broadly speaking, Taylor approximation to expected utility simply facilitates an approxi-

mate computation of an expectation. Several alternative methods are available in the literature

such as Monte Carlo simulation (e.g., Glasserman (2004)) or quadrature methods (e.g., Judd

(1998)). It is beyond the scope of our paper to thoroughly discuss the advantages and disad-

vantages of each of these approaches. It is worth mentioning, however, that, in general, Monte

Carlo methods can be computationally inefficient, especially if one wishes to achieve high ac-

curacy, and quadrature methods require specific distributional assumptions, such as normality,

12



and also suffer from the curse of dimensionality. In contrast, the Taylor approximation results

derived above are valid under any portfolio return distribution, provided it has a bounded sup-

port. Furthermore, the implementation of the method is rather computationally efficient, an

aspect that becomes evident in dynamic portfolio choice applications.

We consider the problem of assessing the expected utility E[U(Rp)], where U(·) belongs to

the CRRA class with risk aversion γ (special case of the HARA class in (2), when α → ∞).

We assume that the portfolio gross return Rp = exp(rp) is log-normally distributed. Note that

this assumption implies that the portfolio return Rp is positively skewed. We consider two

Taylor approximations and present the results in Table 1. The first, labeled “Gross return

decomposition”, is based on the decomposition of the gross portfolio return Rp = cp + dp

while the second, labeled “Log return decomposition”, is based on the decomposition of the log

portfolio return rp = κr + δr. We choose the center of expansion cp to be the midpoint of the

support of Rp truncated at its 0.5 and 99.5 percentiles, and κr equal to the mean of rp.

Because utility is an ordinal concept and unique only up to positive affine transformations,

in order to assess the quality of an approximation to expected utility, we cannot compare the

levels of exact and approximate utility. Instead, following Levy and Markowitz (1979) and

Hlawitschka (1994), we rank the portfolios based on their exact and approximate expected

utility, and then compute the Spearman correlation between the two rankings. High values of

the correlation, i.e., close to 1, imply better quality of the approximation.

Table 1 reports the Spearman correlations between the ranks of 11 portfolios based on exact

and approximate expected utility calculations. Each portfolio return distribution is determined

by randomly drawing the mean µR and the standard deviation σR of Rp from the intervals

[µ, µ] and [σ, σ]. We consider two different calibrations: one for quarterly equity returns and

one for annual equity returns. The intervals used for the moments are chosen to roughly

match the corresponding frequency. Specifically, for the case of quarterly returns, we use

[µ, µ] = [1.03, 1.06] and [σ, σ] = [0.10, 0.15], while for the case of annual returns, we use [µ, µ] =

[1.10, 1.20] and [σ, σ] = [0.20, 0.30]. For different values of the coefficient of risk aversion γ and

order M of the Taylor expansion, the table reports the average Spearman correlation across

10,000 simulation repetitions.

Overall, the most striking result emerging from the table is the clear superior performance

of the Taylor series expansion based on the log return decomposition. All the correlation

coefficients for this decomposition are larger than those obtained by using the gross return

decomposition. This should not be surprising, in light of our earlier discussion. Because gross

returns, in this experiment, are lognormal (and hence positively skewed), the log returns are

normal and hence symmetric. This reduces the magnitude of the potential errors incurred in the

implementation of the Taylor approximation. Naturally, all else being equal, the approximation
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is deteriorating as the curvature of the utility function increases (i.e., it is worse for higher γ),

and as the horizon of the portfolio return increases (i.e., it is worse for annual data). Note that

the correlations are monotonically increasing in the order of expansion M for both the gross and

log return decomposition. However, this need not be the case in general. In fact, in unreported

results we find that, using the mean of the distribution of Rp as a center of expansion cp may

lead to divergence of the approximation, i.e., Spearman correlations decrease as M increases.

This is a consequence of the fact that, for positively skewed distributions, the choice of the mean

as a center of expansion might violate the convergence condition established in Proposition 2.2

and Corollary 2.3. This issue is not present in the case of log return decomposition because the

distribution of log returns is normal and hence symmetric. Finally, the low level of correlation for

low values of M indicates that the quality of low order expansions, shown by Hlawitschka (1994)

in the case of CRRA preferences with risk aversion between 0.1 and 0.9, easily deteriorates when

one considers higher, and more plausible, levels of risk aversion.

3 Optimal portfolio choice

Having addressed the convergence properties of Taylor approximation to expected utility, we

can now focus on the properties of the approximation in the context of optimal portfolio choice.

Recent papers use Taylor approximations as a convenient method to simplify the solution to

dynamic portfolio choice problems (e.g., Brandt, Goyal, Santa-Clara, and Stroud (2005) and

Garlappi and Skoulakis (2008)). However, the literature so far has provided little guidance

to assess whether the use of such approximations is theoretically sound. In particular, it is

not clear whether the portfolio obtained from solving the approximate portfolio choice problem

converges to the exact optimal portfolio. Even in a single-period problem, this is a challenging

task. The main complication resides in the fact that, unlike the problem of evaluating expected

utility of a given portfolio, the portfolio allocation is a priori not known but endogenously

determined as the solution to an optimization problem. Hence, to justify the use of Taylor

approximations within this optimization problem, it is necessary to derive conditions on the

shocks to asset returns that guarantee convergence of the Taylor series uniformly across all

admissible portfolio allocation vectors.

As in the previous section, we will require that asset return distributions have bounded

support. Our goal is to determine the largest possible deviations in asset return that guarantee

(i) the convergence of the approximate expected utility to the exact expected utility and (ii)

the convergence of the approximate optimal portfolio allocation to its exact counterpart. We

will analyze separately the cases of portfolio choice with and without short-selling restrictions,

and, as in the previous section we will demonstrate that, when asset returns are skewed, it is

possible to improve the empirical properties of the approximation by using a Taylor series with
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respect to a suitable nonlinear transformation of the primitive asset returns.

Consider an investor with current wealth W0 and preferences over terminal wealth W1

described by the HARA utility function (1). As before, without loss of generality, we set

W0 = 1 and concentrate on the portfolio return Rp. The investment opportunity set available

to the investor consists of a risk-free asset with gross rate of return Rf and N risky assets with

gross returns Rg,n, n = 1, . . . , N . The vector of excess returns is denoted by R = (R1, . . . , RN )′

where Rn = Rg,n −Rf . The allocation to the risky assets is denoted by ω = (ω1, . . . , ωN )′, the

portfolio return is Rp(ω) = Rf + ω′R and the resulting HARA utility is given by

U(Rf + ω′R) =
1

1− γ

(
Rf + ω′R +

γ

α

)1−γ
. (21)

We assume throughout this section that the set Ω of admissible portfolio allocation vectors

is a bounded, closed, and convex subset of RN . Our objective is to solve the portfolio choice

problem

ω∗ = arg max
ω∈Ω

V (ω) (22)

where

V (ω) = E
[
U(Rf + ω′R)

]
(23)

is the exact expected utility as a function of the portfolio allocation vector ω ∈ Ω.

Throughout this section, we make the following assumption that guarantees the existence

of the utility function in (21) for all possible portfolio return realizations.

Assumption 3.1 For all n = 1, . . . , N , the support of the distribution of the excess return Rn

is the closed interval
[
Rn, Rn

]
. Moreover, for all return realizations R and admissible portfolio

weights ω ∈ Ω, we have Rf + ω′R + γ
α ≥ ε, where ε is an arbitrarily small positive constant.

3.1 Taylor approximation based on a linear decomposition

The Taylor approximation method for solving the portfolio choice problem proceeds as follows.

We decompose the vector of excess returns R as R = c+d where c = (c1, . . . , cN )′ is a vector of

deterministic constants to be used as the center of the Taylor expansion and d = (d1, . . . , dN )′

is the corresponding vector of stochastic deviations. Naturally, we assume that cn ∈
[
Rn, Rn

]
.

We then define the utility Ũ(d; ω) in terms of the deviation vector d as follows

Ũ(d; ω) = U(Rf + ω′R) =
1

1− γ

((
Rf + ω′c +

γ

α

)
+ ω′d

)1−γ
. (24)

The M -th order Taylor approximation to Ũ(d; ω) with respect to d centered around 0N , the

N -dimensional vector of zeros, is

ŨM (d;ω) =
∑

|m|≤M

1
m!
Ũ (m)(0N ; ω)dm (25)
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where m = (m1, . . . , mN ) ∈ NN , m! = m1! · · ·mN !, |m| = m1+· · ·+mN , and xm = xm1
1 · · ·xmN

N

for x = (x1, . . . , xN ) ∈ RN , and Ũ (m)(0N ;ω) = ∂m1+···+mN

∂d
m1
1 ···∂d

mN
N

Ũ(0N ; ω). From the last equation,

we then obtain the approximate expected utility based on the M -th order Taylor expansion as

ṼM (ω) = E
[
ŨM (d; ω)

]
=

∑

0≤|m|≤M

1
m!
Ũ (m)(0N ; ω)E [dm] . (26)

Finally, the approximate portfolio choice allocation is obtained by solving the following maxi-

mization problem

ω̃M = arg max
ω∈Ω

ṼM (ω). (27)

For implementation purposes, a convenient way to obtain the Taylor expansion above is the

following. First, define the deterministic constant cp(ω) = Rf + ω′c and the portfolio return

deviation dp(ω) = ω′d so that the decomposition Rp(ω) = cp(ω) + dp(ω) holds. Next, define

the utility ũ(dp(ω)) in terms of dp(ω) as

ũ(dp(ω)) = U(Rf + ω′R) =
1

1− γ

((
cp(ω) +

γ

α

)
+ dp(ω)

)1−γ
(28)

and use it to obtain the following one-dimensional Taylor approximation with respect to dp(ω)

centered around 0:

ũM (dp(ω)) =
M∑

m=0

1
m!

ũ(m)(0)[dp(ω)]m. (29)

To compute the power [dp(ω)]m, we make use of the multinomial formula

[dp(ω)]m =
(
ω′d

)m =
∑

|m|=m

m!
m!

ωmdm.

Hence, we can express the approximate expected utility based on the M -th order Taylor ex-

pansion as

ṼM (ω) = E [ũM (dp(ω))] =
M∑

m=0

ũ(m)(0)
∑

|m|=m

1
m!

ωmE [dm] . (30)

Note that the two expressions for ṼM (ω) in (26) and (30) are identical since Ũ(d; ω) = ũ(ω′d)

and therefore, by the chain rule, we have

Ũ (m)(d;ω) = ωmũ(|m|)(ω′d).

Before addressing the issue of convergence of the Taylor series approximation, we derive, in

the next proposition, some useful properties of the exact expected utility V (ω).

Proposition 3.2 Let the vector of excess returns R satisfy Assumption 3.1. Furthermore,

assume there is no redundant asset, i.e., there exists no α ∈ RN \{0N} such that P[α′R = 0] =

1. Then, V is continuous and strictly concave on Ω, and hence admits a unique maximum at

ω∗.
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The following proposition provides sufficient conditions on the distribution of asset returns

that guarantee convergence of the approximate optimal portfolio allocation to its exact coun-

terpart, when no short selling is allowed. In the case of the risk-free asset, no short selling

simply means no borrowing.

Proposition 3.3 (No short selling) Let R satisfy Assumption 3.1. Suppose that no short

selling is allowed, i.e., 0 ≤ ωn ≤ 1 and 0 ≤ ∑N
n=1 ωn ≤ 1. If for all n = 1, . . . , N the excess

return deviations dn = Rn−cn satisfy the condition |dn| ≤ Dn with Dn < D∗
n = Rf +cn+ γ

α , then

the approximate expected utility ṼM (ω) converges to the exact expected utility V (ω) uniformly

with respect to the allocation ω. Moreover, the sequence of the approximate optimal weights

ω̃M converges to the exact optimal weight ω∗, as M →∞.

Note that the convergence of ω̃M to ω in the above proposition holds with respect to any

generic norm ‖ · ‖ on RN . One immediate implication of the convergence of portfolio allocations

ω̃M is that the certainty equivalent loss associated with ω̃M converges to zero, as M →∞.

If no short selling is allowed and Assumption 3.1 holds, the utility function (21) is well-

defined. The following corollary is the analogue to Corollary 2.3 and provides a practical way

of selecting the center of expansion in order to guarantee the convergence in Proposition 3.3.

Corollary 3.4 Let R satisfy Assumption 3.1. If cn > 1
2

[
Rn −

(
Rf + γ

α

)]
, n = 1, . . . , N , then

there exist bounds Dn < cn + γ
α so that Proposition 3.3 applies. Moreover, cn ≥ 1

2

(
Rn + Rn

)

implies cn > 1
2

[
Rn −

(
Rf + γ

α

)]
, for n = 1, . . . , N .

The second part of the corollary confirms that, by selecting the midpoint of the distribution

of each asset returns, we can guarantee convergence of the approximate optimal portfolio weight

vector ω̃M to the exact optimal portfolio weight vector ω∗.
The following proposition generalizes Proposition 3.3 to an arbitrary (bounded, closed, and

convex) set Ω of admissible portfolio allocations.

Proposition 3.5 If the excess return deviations dn = Rn − cn, n = 1, . . . , N , satisfy the

condition |dn| ≤ D where D < D∗ and

D∗ = min
ω∈Ω

Rf + γ
α + ω′c
|ω|′1 , (31)

then the approximate expected utility ṼM (ω) converges to the exact expected utility V (ω) uni-

formly with respect to the allocation ω. Moreover, the sequence of the approximate optimal

weights ω̃M converges to the exact optimal weight ω∗, as M →∞.

Since, by assumption, the center of expansion c belongs to the support of R and Ω is

compact, Assumption 3.1 guarantees that D∗ > 0.
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Remark 3.6 Note that if there are no short selling constraints, and if the centers of expansion

are identical for all assets, i.e., cn = c for all n = 1, . . . , N , then D∗ in (31) simplifies to

D∗ = Rf + γ
α + c. This bound coincides with the bound in Proposition 3.3 under the restriction

that the centers of expansion are identical across assets.

The following corollary provides sufficient conditions under which Proposition 3.5 is ap-

plicable. The conditions are not optimal but they are relatively simple and easy to check in

practical applications.

Corollary 3.7 Define R = (R1, . . . , RN )′, R =
(
R1, . . . , RN

)′, R = min {Rn : n = 1, . . . , N},
and R = max

{
Rn : n = 1, . . . , N

}
. If the condition

R−R

2
< min

ω∈Ω

Rf + γ
α + ω′

(
R+R

2

)

|ω|′1 (32)

is satisfied, then, under the choice cn = Rn+Rn

2 , n = 1, . . . , N , the condition |dn| ≤ D, n =

1, . . . , N in Proposition 3.5 is satisfied with D = R−R
2 .

While not available explicitly in closed form, the right hand side in (32) can be computed

numerically for a given set Ω of admissible allocations. Then one can easily verify whether

the condition in (32) is satisfied, in which case using the midpoint of the support of the return

distribution as center of the expansion ensures convergence.

3.2 Taylor approximation based on a nonlinear decomposition

As discussed in Section 2.2, when the distribution of portfolio returns is skewed, one can sig-

nificantly improve the accuracy of the Taylor approximation to expected utility by using a

nonlinear transformation that symmetrizes and shrinks the distribution of portfolio returns.

In this section, we apply the same principle in the context of optimal portfolio choice when

individual asset returns have skewed distributions.10 We specify conditions on the shocks to

the transformed asset returns that guarantee convergence of the approximate optimal portfolio

allocation to its exact counterpart, as the number of Taylor terms tends to infinity. In the next

subsection, we illustrate numerically how a nonlinear transformation can improve the accuracy

of Taylor series approximation in the presence of skewed asset returns.

Let us implicitly define the transformed random variable y = (y1, . . . , yN )′ through the

following nonlinear transformation

Rn

Rf
= An + BneCnyn , n = 1, . . . , N. (33)

10If the distribution of asset returns is symmetric, then the Taylor expansion based on the linear decomposition
considered in the previous subsection clearly provides the optimal approximation scheme.
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The excess return Rn is then given by Rn = Rf

(
An + BneCnyn

)
. Note that Assumption 3.1

implies that yn also has compact support, which we denote by [y
n
, yn], for n = 1, . . . , N . One

can specify the values of An, Bn, and Cn following the analysis in subsection 2.2. Specifically,

treating yn as normally distributed, we can select An, Bn, and Cn to match the first three

moments of Rn and obtain similar expressions as in (18)–(20). Specifically, if µn, σn, ξn rep-

resent the mean, standard deviation, and skewness of the excess return Rn, n = 1, . . . , N , the

appropriate values of An, Bn, and Cn are then determined by

An =
µn

Rf
−BneC2

n/2, (34)

Bn = sign(ξn)
σn

Rf

√
eC2

n(eC2
n − 1)

, (35)

Cn =

√
log

(
Γn − 1 +

1
Γn

)
, Γn =

(
ξ2
n + ξn

√
4 + ξ2

n + 2
2

)1/3

. (36)

Let κn denote the deterministic constant to be used as the center of expansion for the return on

the n-th asset and δn = yn−κn be the corresponding stochastic deviation so that yn = κn + δn.

Naturally, we assume κn ∈
[
y

n
, yn

]
, n = 1, . . . , N . Since the goal of the transformation is to

symmetrize the distribution, in empirical applications it makes sense to set κn equal to the

midpoint of [y
n
, yn] in order to minimize the magnitude of the deviation δn. Note that the

deviation δn does not necessarily have mean zero. The portfolio return Rp(ω) is then expressed

as

Rp(ω) = Rf + ω′R = Rf

[
1 +

N∑

n=1

ωn

(
An + BneCn(κn+δn)

)]
(37)

and the corresponding utility as a function of δ ≡ (δ1, . . . , δN ) and ω is given by

Û(δ; ω) =
1

1− γ
R1−γ

f

[(
γ

αRf
+

(
1 +

N∑

n=1

ωnAn

))
+

N∑

n=1

(
ωnBneCnκn

)
eCnδn

]1−γ

. (38)

The M -th order Taylor approximation with respect to δ centered around 0N is

ÛM (δ;ω) =
∑

|m|≤M

1
m!
Û (m)(0N ; ω)δm (39)

where Û (m)(0N ; ω) = ∂m1+···+mN

∂δ
m1
1 ···∂δ

mN
N

Û(0N ; ω). Hence, the approximate expected utility is given

by

V̂M (ω) = E
[
ÛM (δ; ω)

]
=

∑

|m|≤M

1
m!
Û (m)(0N ; ω)E [δm] (40)

The approximate optimal portfolio allocation, denoted by ω̂M , is obtained as the solution to

the following maximization problem

ω̂M = arg max
ω∈Ω

V̂M (ω). (41)
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The following proposition, which is the analogue to Proposition 3.5, provides sufficient

conditions for the convergence of the Taylor series expansion under the nonlinear transforma-

tion (33). The proposition states the general version of the result and is formulated in terms

of arbitrary distributions of excess returns and sets of admissible portfolio allocations. Two

subsequent corollaries, motivated by empirical relevance, focus on the portfolio choice problem

with positively skewed asset returns and no short selling constraints. Before stating the re-

sults, we introduce some notation. Let A = (A1, . . . , AN )′, Ln = BneCnκn , n = 1, . . . , N , and

L = (L1, . . . , LN )′.

Proposition 3.8 For all ω ∈ Ω, let

λ0(ω) = 1 +
γ

αRf
+ ω′A, λn(ω) = ωnLn, n = 1, . . . , N, (42)

λ−(ω) =
N∑

n=1

min(λn(ω), 0), λ+(ω) =
N∑

n=1

max(λn(ω), 0), (43)

and

Λ(ω) =
(
λ0(ω), λ−(ω), λ+(ω)

)
. (44)

If the deviations δn, n = 1, . . . , N , satisfy the condition |Cnδn| ≤ ∆ where 0 < ∆ < ∆∗ and

∆∗ = min
ω∈Ω

I−1(0;Λ(ω)), (45)

where I(·;Λ) is defined in Lemma A.9, then the approximate expected utility V̂M (ω) converges

to the exact utility V (ω), uniformly with respect to the allocation ω. Moreover, the sequence of

the approximate optimal portfolio weights ω̂M converges to the exact optimal portfolio weight

ω∗, as M →∞.

Next, we address the portfolio choice problem with positively skewed asset returns and no

short selling constraints. If Rn is positively skewed, then its skewness ξn is positive and, by

equation (35) we have Bn > 0. Note that this case covers the widely used transformation of

log excess returns rn, implicitly defined by Rg,n

Rf
= ern , for An = −1 and Bn > 0.

Corollary 3.9 Assume that no short selling is allowed, i.e.,

Ω =
{
ω = (ω1, . . . , ωN ) : 0 ≤ ωn ≤ 1, n = 1, . . . , N, 0 ≤ 1− ω′1 ≤ 1

}
. (46)

Consider the transformed variable y = (y1, . . . , yN ) introduced in (33) with Bn > 0, for n =

1, . . . , N . Then, the bound ∆∗ in Proposition 3.8 becomes

∆∗ = min
ω∈Ω

E−1

(
−

1 + γ
αRf

+ ω′A

ω′L

)
. (47)
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where E(·) is the function

E(x) = min{eax cos(bx) : a2 + b2 ≤ 1}, x ∈ R, (48)

defined in Lemma A.6.

We conclude this subsection by presenting the special case of the preceding corollary for

CRRA utility and y equal to the log excess return vector r = (r1, . . . , rN ), where Rg,n

Rf
= ern ,

n = 1, . . . , N . In this case, α → ∞ and An = −1, n = 1, . . . , N and hence since E is strictly

decreasing we have

min
ω∈Ω

E−1

(
−

1 + γ
αRf

+ ω′A

ω′L

)
= E−1

(
− min

ω∈Ω

1− ω′1
ω′L

)
= E−1 (0) =

π

2

where the last equality follows from equation (A7). This establishes the following

Corollary 3.10 Assume that no short selling is allowed. Then, for CRRA utility, i.e., when

α →∞, and y equal to the log excess return vector r, the bound ∆∗ in Proposition 3.8 becomes

∆∗ = π
2 .

We close this subsection by briefly illustrating the practical implications of the condition in

the last corollary. Suppose that the support of the distribution of the log excess return on the

n-th asset, rn, is [rn, rn]. Then, the condition in Corollary 3.10 is satisfied if (i) rn − rn < π

and (ii) we select the midpoint of the support as the center of expansion: κr = rn+rn

2 . Note

that the condition rn − rn < π is satisfied for a large set of values of rn and rn that imply a

rather wide support for the primitive asset return distribution. For instance, for rn = −1.65

and rn = 1.45 we have rn − rn = 3.1 < π. Assuming Rf = 1.05 (calibrated to a horizon of one

year), we obtain that the implied simple return, Rg,n − 1, lies between −80% and 347%. This

examples illustrates that the Taylor approximation converges for a wide range of asset return

distributions.

3.3 Numerical examples

We conclude this section by providing a few numerical examples to illustrate the practical

performance of the Taylor approximation in the context of portfolio choice. We consider the

problem of maximizing the expected utility E[U(Rp)], where U(·) belongs to the CRRA class

with risk aversion γ. We assume that the investment opportunity set consists of a risk-free

asset and N = 3 risky assets. The annualized gross risk-free rate is set equal to 1.05. The

joint distribution of the vector of log excess returns is assumed to be multivariate normal. The

parameters of the joint distribution of the risky asset is determined as follows. The means and

standard deviations of the risky asset gross returns are drawn at random from the intervals
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[µ, µ] and [σ, σ], respectively. The correlation matrix of the log excess returns is of the form

C = UU′ where U is an N × 2N matrix, the n-th row of which, un, is a unit vector of the

form un = qn/||qn|| with qn drawn from the standard 2N -dimensional normal distribution.

We consider two cases calibrated to quarterly and annual equity returns. The intervals [µ, µ]

and [σ, σ] are selected to roughly match the corresponding frequency. In the case of quarterly

returns, we use [µ, µ] = [1.03, 1.08] and [σ, σ] = [0.10, 0.20], while in the case of annual returns,

we use [µ, µ] = [1.10, 1.30] and [σ, σ] = [0.20, 0.40]. We consider two different types of Taylor

approximation. The first, labeled “Gross return decomposition”, is based on the decomposition

of the gross risky asset return Rn = cn + dn, n = 1, 2, 3, while the second, labeled “Log return

decomposition”, is based on the decomposition of the log excess risky asset return rn = κn +δn,

n = 1, 2, 3. We set cn equal to the midpoint of the support of Rn truncated at its 0.5 and 99.5

percentiles, and κn equal to the mean of rn.

To assess the performance of the Taylor approximation, we compute the associated certainty

equivalent losses using the quadrature-based solution as benchmark. In our implementation,

we use Gauss-Hermite quadrature with 6 nodes in each dimension. The certainty equivalent

losses, reported in Table 2, are stated in annualized basis points. For different values of the

coefficient of risk aversion γ and order M of the Taylor expansion, the table reports the median

certainty equivalent loss across 1,000 simulation repetitions.

The table shows the clear superior superior performance of the Taylor series expansion based

on the log return decomposition. The certainty equivalent loss for the log return decomposition

are uniformly lower than those based on gross return decomposition. It is remarkable that, for

annual equity return parameters and γ = 10, and when the order of the Taylor expansion is

M = 2 and M = 4, the log return decomposition results in a certainty equivalent loss of 4.48

and 0.16 basis points while the gross return decomposition results in a loss of 455.51 and 53.23

basis points, respectively.

Because log returns are normal in this example, these findings are not surprising in light

of the discussion in subsection 2.3. All else being equal, the approximation is deteriorating as

the curvature of the utility function increases and for lower frequency data. Note finally that

the certainty equivalent losses are monotonically decreasing in the order of expansion M for

both the gross and log return decomposition. However, this need not be the case in general.

In unreported results we find that, using the mean of the distribution of Rn as a center of

expansion cn may lead to divergence of the approximation. This is a consequence of the fact

that, for positively skewed distributions, the choice of the mean as a center of expansion might

violate the convergence condition established in Proposition 3.3 and Corollary 3.4.
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4 Conclusion

In this paper, we revisit a number of issues related to Taylor approximations to expected utility.

We focus on the HARA utility function that is widely used in economics and finance. In the

context of portfolio evaluation, we present conditions under which the approximate expected

utility converges to the exact utility and it does so monotonically. Moreover, we illustrate that

using Taylor expansion with respect to a variable introduced through an appropriate nonlinear

transformation of portfolio return substantially improves the quality of the approximation. In

the context of optimal portfolio choice, we provide conditions under which the approximate

optimal portfolio allocation converges to its exact counterpart, as the order of the Taylor ex-

pansion tends to infinity. Finally, we illustrate that performing the Taylor approximation with

respect to a nonlinear transformation of asset returns makes the approximation more accu-

rate. Numerical examples are used to demonstrate the relevance of the theoretical results. The

natural extension of the present work, that we plan to pursue in the future, is to study the con-

vergence properties of Taylor series approximations in the context of dynamic portfolio choice

problems.
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A Auxiliary Results

In this appendix, we state a number of theorems from complex analysis that are used repeatedly

in the subsequent proofs. Furthermore, we state and prove a number of lemmata that are crucial

in establishing the theoretical results in the main body of the paper.

In the context of the following four theorems, z, z0 and an, bn, n = 0, 1, . . . are complex

numbers and D(z0; r) stands for the open disk in the complex plane with center z0 and radius

r, i.e., D(z0; r) = {z ∈ C : |z − z0| < r}. The open disk with radius 1 centered at 0, referred

to as the unit disk, is denoted by D, i.e., D = {z ∈ C : |z| < 1}. The closed disk with radius 1

centered at 0 is denoted by D, i.e., D = {z ∈ C : |z| ≤ 1}.

Theorem A.1 [Theorem 9.20 in Apostol (1974)] Given a power series
∑∞

n=0 an(z − z0)n, de-

fine λ = lim supn→∞ n
√
|an|, r = 1

λ , (where r = 0 if λ = +∞ and r = +∞ if λ = 0). Then the

series converges absolutely if |z − z0| < r and diverges if |z − z0| > r. Furthermore, the series

converges uniformly on every compact subset interior to the disk of convergence.

Theorem A.2 [Theorem 9.23 in Apostol (1974)] Assume that the series
∑∞

n=0 an(z−z0)n con-

verges for each z in the open disk D(z0; r). Then the function f defined by the equation

f(z) =
∑∞

n=0 an(z − z0)n, z ∈ D(z0; r), has a derivative f ′(z) for each z on D(z0; r), given

by f ′(z) =
∑∞

n=1 nan(z − z0)n−1.

Theorem A.3 [Theorem 9.25 in Apostol (1974)] Consider two power series expansions about

the origin, say f(z) =
∑∞

n=0 anzn, where z ∈ D(0; r) and g(z) =
∑∞

n=0 bnzn, where z ∈ D(0;R).

If, for a fixed z in D(0;R), we have
∑∞

n=0 |bnzn| < r, then for this z we can write f [g(z)] =∑∞
k=0 ckz

k where the coefficients ck are given by ck =
∑∞

n=0 anbk(n), k = 0, 1, . . . and the

numbers bk(n) are defined by the equation g(z)n =
(∑∞

k=0 bkz
k
)n =

∑∞
k=0 bk(n)zk.

Theorem A.4 [Theorem 16.20 in Apostol (1974)] Assume that the function f is analytic on

an open set S in C, and let z0 be any point of S. Then all derivatives fn(z0) exist, and f can

be represented by the convergent power series f(z) =
∑∞

n=0
f (n)(a)

n! (z − z0)n on every open disk

D(z0; R) whose closure lies in S.

The following two lemmata, proved through standard calculus techniques, will be used in

the sequel.

Lemma A.5 Define the functions

R1(w) =
√

1 + w2

w
arctan(w), w ∈ (0,∞), (A1)

R2(w) =
√

1 + w2

w
(π − arctan(w)) , w ∈ (0,∞). (A2)
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Then, the following properties hold: (i) R1 is strictly increasing, limw→0R1(w) = 1, and

limw→∞R1(w) = π
2 and (ii) R2 is strictly decreasing, limw→0R2(w) = ∞, and limw→∞R2(w) =

π
2 . Therefore, the inverse functions of R1 and R2, denoted by S1 and S2 are well-defined on(
1, π

2

)
and

(
π
2 ,∞)

, respectively. Moreover, xS2(x) → π, as x →∞.

Proof. Using L’Hospital’s rule, we obtain limw→0R1(w) = limw→0
arctan(w)

w = limw→0
1

1+w2 =

1. Moreover, limw→∞R1(w) = limw→∞ arctan(w) = π
2 . Similarly, the corresponding lim-

its for R2 are limw→0R2(w) = ∞ and limw→∞R2(w) = π
2 . The derivative of R1 and R2 are

R′1(w) = w−arctan(w)

w2
√

1+w2
andR′2(w) = −π+w−arctan(w)

w2
√

1+w2
, respectively. Letting P(w) = w−arctan(w),

we have P ′(w) = w2

1+w2 > 0 and, therefore, P(w) > P(0) = 0 for all w > 0. Hence, R′1(w) > 0

and R′2(w) < 0 for all w > 0. It follows that R1(·) is strictly increasing on (0,∞) with

1 < R1(w) < π
2 and that R2(·) is strictly decreasing on (0,∞) with π

2 < R2(w) < ∞. Finally,

let xn be a sequence with xn →∞ as n →∞, and define wn = S2(xn). Since R2(w) is strictly

decreasing and converges to ∞ as w → 0, we have wn → 0. Then xnS2(xn) = R2(wn)wn =√
1+w2

n

wn
(π − arctan(wn))wn → π since limw→0 arctan(w) = 0. This completes the proof. ¥

Lemma A.6 Define the function

T (a, b; x) = eax cos(bx), a2 + b2 ≤ 1, x ∈ R, (A3)

and let

M(x) = max{T (a, b;x) : a2 + b2 ≤ 1}, x ∈ R, (A4)

E(x) = min{T (a, b;x) : a2 + b2 ≤ 1}, x ∈ R. (A5)

Then,

M(x) = e|x|, x ∈ R, (A6)

and

E(x) =





exp (−|x|) , if |x| ≤ 1,

exp
(
− 1√

1+[S1(|x|)]2
|x|

)
cos

(
S1(|x|)√

1+[S1(|x|)]2
|x|

)
, if 1 < |x| < π

2 ,

0, if |x| = π
2 ,

exp
(

1√
1+[S2(|x|)]2

|x|
)

cos
(

S2(|x|)√
1+[S2(|x|)]2

|x|
)

, if |x| > π
2 ,

(A7)

where S1 and S2 are the functions defined in Lemma A.5. Furthermore, the function M(x)

is strictly increasing in |x| and M(x) → ∞, as |x| → ∞, while the function E(x) is strictly

decreasing in |x|, and E(x) → −∞, as |x| → ∞.
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Proof. The result holds trivially for x = 0. Let x 6= 0. The system of equations ∂T (a,b;x)
∂a =

∂T (a,b;x)
∂b = 0 is equivalent to cos(bx) = sin(bx) = 0 which is not feasible. Therefore, the

minimum and the maximum of T are not attained in the interior of the set {(a, b) : a2 +b2 ≤ 1}
and, hence, they are attained on the boundary. Moreover, T (a, b; 0) = 1 for all a and b. Hence,

E(x) = min{τ(a; x) : −1 ≤ a ≤ 1}, (A8)

M(x) = max{τ(a; x) : −1 ≤ a ≤ 1}, (A9)

where

τ(a;x) = eax cos
(
x
√

1− a2
)

. (A10)

Note that τ(a;x) = τ(−a;−x) and therefore E(x) = E(−x) and M(x) = M(−x), i.e., E(·) and

M(·) are even functions. Furthermore, note that E(0) = M(0) = 1 and E(−π
2 ) = E(π

2 ) = 0.

The function M(x) is easily determined as follows. Note that eax cos
(√

1− a2x
)
≤ eax ≤

e|x| and that the bound e|x| is attainable when a = sign(x) ∈ {−1, 1}. Therefore, the global

maximizer a(x) is given by a(x) = sign(x) and so M(x) = e|x|. Clearly, M(x) is strictly

increasing in |x| and M(x) →∞, as |x| → ∞.

To determine the function E(·), we need to consider a number of separate cases: (i) 0 < x ≤
1, (ii) 1 < x < π

2 , and (iii) x > π
2 . Note that the derivative of τ with respect to a is given by

τ ′(a; x) = xeax

[
cos

(√
1− a2x

)
+

a√
1− a2

sin
(√

1− a2x
)]

, −1 < a < 1. (A11)

First, consider 0 < x < π
2 (cases (i) and (ii)). Then, we have cos

(√
1− a2x

)
≥ 0 for all

a ∈ [−1, 1]. Recalling that τ(a; x) = eax cos
(√

1− a2x
)
, we observe that, in this case, the

global minimizer a(x) has to be negative. To see this, note that τ ′(0;x) = x cos(x) > 0 and

so 0 cannot be a minimizer and further note that if a > 0 then τ(−a; x) < τ(a; x). If the

global minimizer a(x) is in the open interval (−1, 0), it should satisfy the FOC τ ′(a; x) = 0.

Otherwise, we should have a(x) = −1.

To identify the global minimizer a(x), we consider the FOC τ ′(a; x) = 0 where a ∈ (−1, 0).

Letting w = −
√

1−a2

a ∈ (0,∞), we have a = − 1√
1+w2

and
√

1− a2 = w√
1+w2

and so we can

rewrite the FOC in terms of w as

cos
(

x
w√

1 + w2

)
− sin

(
x

w√
1 + w2

)
w = 0 ⇔ tan

(
x

w√
1 + w2

)
= w.

Therefore, x w√
1+w2

= arctan(w) + kπ for some integer k. But x ∈ (
0, π

2

)
and so x w√

1+w2
∈

(
0, π

2

)
which implies k = 0 since arctan(w) ∈ (−π

2 , π
2

)
. Hence, we have x =

√
1+w2

w arctan(w).

Therefore, the FOC τ ′(a;x) = 0 with a ∈ (−1, 0) is equivalent to the equation x = R1(w) where

R1 is defined in Lemma A.5. But R1(w) > 1 for all w ∈ (0,∞) and therefore the FOC does
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not have a solution in (−1, 0) if x ≤ 1. Therefore, a(x) = −1 for x ∈ (0, 1]. If 1 < x < π
2 , then

w = S1(x) where S1 is the inverse of R1 defined in Lemma A.5. Therefore, a(x) = − 1√
1+[S1(x)]2

for x ∈ (
1, π

2

)
.

Next consider x > π
2 (case (iii)). Note that cos

(√
1− a2x

)
takes negative values as a ranges

from −1 to 1. Recalling that τ(a; x) = eax cos
(√

1− a2x
)

and τ(−a;x) = e−ax cos
(√

1− a2x
)
,

we observe that, in this case, the global minimizer a(x) has to be positive. Moreover, τ(1;x) =

ex > 0 and so the global minimizer a(x) should be in the open interval (0, 1) and it should satisfy

the FOC τ ′(a; x) = 0. Letting w =
√

1−a2

a ∈ (0,∞), we have a = 1√
1+w2

and
√

1− a2 = w√
1+w2

and so we can rewrite the FOC in terms of w as

cos
(

x
w√

1 + w2

)
+ sin

(
x

w√
1 + w2

)
w = 0 ⇔ tan

(
x

w√
1 + w2

)
= −w.

Therefore, the FOC is equivalent to x =
√

1+w2

w (− arctan(w) + kπ) where k is an integer.

If x ∈ (
π
2 , 3π

2

)
, then we should have k = 1 since arctan(w) ∈ (−π

2 , π
2

)
. In this case, the FOC

becomes x =
√

1+w2

w (π − arctan(w)).

Next, let x ≥ 3π
2 . In this case, k should be a positive integer. Define the function J (a; x) =

cos
(√

1− a2x
)

for a ∈ (0, 1). The function J (a; x) takes the value −1 when a =
√

1− n2π2

x2 ∈
(0, 1) where n is a positive integer with n < x

π . The largest such a is obtained for n = 1 and

is given by a1 =
√

1− π2

x2 < 1. The derivative of J is J ′(a; x) = ax√
1−a2

sin
(√

1− a2x
)
. For

a ∈ (a1, 1), we have
√

1− a2x < π which implies J ′(a; x) > 0, i.e., J (·;x) is strictly increasing

in (a1, 1). Moreover, J (a;x) → 1 as a → 1. Hence, there exists a unique a2 in (a1, 1) with

J (a; x) = 0 so that J (a; x) takes values over the entire interval (−1, 0) as a ranges over the

open interval (a1, a2). Since eax is strictly increasing in a over (0, 1), it follows that the global

minimizer a(x) of τ(a;x) = eaxJ (a; x) should belong to the interval (a1, a2). Note that the FOC

in terms of w can be written as w√
1+w2

x = (kπ − arctan(w)). If a ∈ (a1, a2), then
√

1− a2x < π

which implies w√
1+w2

x < π. Hence, for a ∈ (a1, a2) the FOC is feasible only when k = 1

since arctan(w) ∈ (−π
2 , π

2

)
. It follows that a(x) corresponds to the solution w of the equation

x =
√

1+w2

w (π − arctan(w)).

Hence, in both cases x ∈ (
π
2 , 3π

2

)
and x ∈ (

3π
2 ,∞)

, the global minimizer a(x) corresponds

to the solution w of the equation x =
√

1+w2

w (π − arctan(w)) = R2(w) where R2 is defined in

Lemma A.5. Since x > π
2 , we can uniquely solve for w and obtain w = S2(x) where S2 is the

inverse of R2 defined in Lemma A.5. Therefore, a(x) = 1√
1+[S2(x)]2

for x > π
2 .

Since E(x) is defined as the minimum of a continuous function over a compact support, it

is continuous. Hence, to show that E(x) is strictly decreasing over (0,∞), it suffices to show

it is strictly decreasing over the intervals (0, 1),
(
1, π

2

)
, and

(
π
2 ,∞)

. Clearly E(x) is strictly
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decreasing over (0, 1). Next, consider the interval
(
1, π

2

)
. Define the function

Q1(w) = log (E (R1(w))) , w ∈ (0,∞).

Since cos (arctan(w)) = 1√
1+w2

, we have Q1(w) = −arctan(w)
w − 1

2 log
(
1 + w2

)
. It follows that

Q′1(w) = −w−arctan(w)
w2 < 0 for all w ∈ (0,∞). Hence, Q1(·) is strictly decreasing over (0,∞).

Let 1 < x < x′ < π
2 . Then, since R1 is strictly increasing, there exist 0 < w < w′ with

x = R1(w) and x′ = R1(w′). Then, Q1(w) > Q1(w′) which implies E (R1(w)) > E (R1(w′)) ⇔
E (x) > E (x′). Hence, E (·) is strictly decreasing over

(
1, π

2

)
. To deal with the interval

(
π
2 ,∞)

,

define the function

Q2(w) = log (−E (R2(w))) , w ∈ (0,∞).

Since cos (π − arctan(w)) = − 1√
1+w2

, we have Q2(w) = π−arctan(w)
w − 1

2 log
(
1 + w2

)
. It fol-

lows that Q′2(w) = −w+π−arctan(w)
w2 = − (w+π)−arctan(w+π)

w2 < 0 for all w ∈ (0,∞). Hence,

Q2(·) is strictly decreasing. Let π
2 < x < x′. Then, since R2 is strictly decreasing, there

exist 0 < w′ < w with x = R2(w) and x′ = R2(w′). Then, Q2(w′) > Q2(w) which implies

−E (R2(w′)) > −E (R2(w)) ⇔ E (x′) < E (x). Hence, E (·) is strictly decreasing over
(

π
2 ,∞)

.

Finally, note that as |x| → ∞, Lemma A.5 shows that |x|S2(|x|) → π and hence S2(|x|) → 0.

This limits imply that cos
(

S2(|x|)√
1+[S2(|x|)]2

|x|
)
→ −1 and therefore E(x) → −∞ as |x| → ∞.

This completes the proof. ¥

The following lemmata, obtained through complex-analytic techniques, address the conver-

gence of Taylor series approximations to certain functions. The following notation will be used.

For x = (x1, . . . , xN ) ∈ RN and m = (m1, . . . , mN ) ∈ NN , where N is the set of nonnegative

integers, define xm = xm1
1 · · ·xmN

N , m! = m1! · · ·mN !, |m| = m1 + · · ·+ mN . Furthermore, for

a function G defined on RN denote its partial derivatives by G(m)(x) = ∂m1+···+mN

∂x
m1
1 ···∂x

mN
N

G(x).

Lemma A.7 Let γ > 0 and λ = (λ0, λ1, . . . , λN ) ∈ RN+1 where λ0 > 0 and λn 6= 0 for at least

one n ∈ {1, . . . , N}. Define the quantities

λ− =
N∑

n=1

min(λn, 0), λ+ =
N∑

n=1

max(λn, 0),

and

D∗(λ) =
λ0

λ+ − λ−
.

Furthermore, define the function G(·) on RN by

G(x) =





1
1−γ (λ0 + λ1x1 + · · ·+ λNxN )1−γ if γ 6= 1,

log(λ0 + λ1x1 + · · ·+ λNxN ) if γ = 1,

(A12)
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where x = (x1, . . . , xN ) ∈ RN . Then, the function G(·) is well-defined and the Taylor series

approximation

GM (x) =
∑

|m|≤M

1
m!

G(m)(0N )xm

converges uniformly to G(x), as M →∞, for all x ∈ [−D, D]N , where 0 < D < D∗(λ).

Proof. First note that for x ∈ [−D, D]N , we have

λ0 +
∑N

n=1
λnxn ≥ λ0 + λ−D + λ+(−D) = λ0 + D(λ− − λ+) > λ0 + D∗(λ)(λ− − λ+) = 0

and therefore G(·) is well-defined for x ∈ [−D, D]N . Define the function Fγ(t;x) for t ∈ [−1, 1]

by

Fγ(t;x) = G(tx1, . . . , txN )

=





1
1−γ (λ0 + λ1(tx1) + · · ·+ λN (txN ))1−γ , if γ 6= 1,

log(λ0 + λ1(tx1) + · · ·+ λN (txN )), if γ = 1.

It follows that the m-th order derivative of Fγ(t;x) with respect to t is given

F (m)
γ (t;x) =

∑

|m|=m

m!
m!

G(m)(tx1, . . . , txN )xm1
1 · · ·xmN

N

and the M -th order Taylor series of Fγ(·;x) centered at 0 is

Fγ,M (t;x) =
M∑

m=0

1
m!

F (m)
γ (0;x)tm =

M∑

m=0


 ∑

|m|=m

1
m!

G(m)(0N )xm


 tm

and so

Fγ,M (1;x) = GM (x).

We seek to show that the Taylor series of Fγ(t;x) with respect to t centered at 0 converges

to Fγ (t;x) absolutely and uniformly in t ∈ [−1, 1] and x ∈ [−D,D]N . We claim that it

suffices to show the result only for the case γ = 1. Note that when γ 6= 1, we have Fγ(t;x) =
1

1−γ exp ((1− γ)F1(t;x)). Given that the Taylor series expansion of the exponential function

converges over the entire real line, the claim follows from Theorem A.3 which provides conditions

on the convergence of the Taylor series expansion for a composition of two functions. Next,

we focus on the case γ = 1 for which F1(t;x) = log(λ0 + λ1(tx1) + · · · + λN (txN )). To show

absolute and uniform convergence with respect to t over [−1, 1] and x, it suffices to show that

the radius of convergence is greater than 1 uniformly in x. According to Theorem A.2, the

Taylor series of F1(t;x) and

F ′
1(t;x) =

[∑N

n=1
λnxn

]
1

λ0 + λ1(tx1) + · · ·+ λN (txN )
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have the same radius of convergence. Next, define the function H of the complex variable z by

H(z) =
1

λ0 + λ1(zx1) + · · ·+ λN (zxN )

with domain DH = {z ∈ C : λ0 + λ1(zx1) + · · ·+ λN (zxN ) 6= 0}. The function H is defined

as the inverse of an analytic function and, hence, is analytic on DH . Therefore, according to

Theorem A.4, the radius of convergence of the Taylor series of H around 0 is equal to the radius

of the largest open ball centered at 0 on which the function H is defined. Next, we show that,

for x ∈ [−D, D]N , the equation L(z) = λ0 + λ1(zx1) + · · ·+ λN (zxN ) = 0 has no roots on the

closed unit disk D = {z ∈ C : |z| ≤ 1}. Let z = a + ib with |z| ≤ 1. Then L(z) = 0 implies

λ0 + λ1(ax1) + · · ·+ λN (axN ) = 0. This implies that the function G is not defined at ax. But

this is a contradiction since |a| ≤ |z| ≤ 1 and so ax ∈ [−D, D]N . Therefore, L(z) 6= 0 for all

z ∈ D and so the closed unit disk D is a subset of the domain DH , uniformly in x ∈ D. Hence,

the radius of convergence of the Taylor series of H centered at 0 is greater than 1, uniformly

in x ∈ D. The same is true for the real functions F ′
1(t;x) and F1(t;x) and the convergence of

the Taylor series is absolute and uniform in t over [−1, 1] and x ∈ [−D,D]N according to The-

orem A.1. Therefore, it follows that Fγ,M (t;x) =
∑M

m=0
1

m!F
(m)
γ (0;x)tm converges to Fγ(t;x)

absolutely and uniformly in t in [−1, 1] and x ∈ [−D, D]N . Hence, GM (x) = Fγ,M (1;x) con-

verges to Fγ(1;x) = G(x) uniformly in x ∈ [−D,D]N . This completes the proof. ¥

Lemma A.8 Let λ0, λ1, and γ be real constants with γ > 0, λ1 6= 0, λ0 + λ1 > 0 and define

the function g(·) by

g(x) =





1
1−γ (λ0 + λ1e

x)1−γ if γ 6= 1,

log(λ0 + λ1e
x) if γ = 1.

(A13)

Then, the Taylor series approximation gM (x) =
∑M

m=0
1

m!g
(m)(0)xm converges to g(x) for all

x with |x| < ∆∗ where ∆∗ =
√

[log(λ0/λ1)]
2 + π2 if λ0/λ1 > 0 and ∆∗ = | log(−λ0/λ1)| if

λ0/λ1 < 0 . The convergence is uniform on any interval [−∆, ∆] where 0 < ∆ < ∆∗.

Proof. First, we claim that it suffices to show the result only for the case γ = 1. Note

that when γ 6= 1, we have g(x) = 1
1−γ exp((1 − γ) log(λ0 + λ1e

x)). Given that the Taylor

expansion of the exponential function converges over the entire real line, the claim follows

from Theorem A.3 which provides conditions on the convergence of the Taylor series approx-

imation for a composition of two functions. Next, we focus on the case γ = 1 for which

g(x) = log(λ0 + λ1e
x). According to Theorem A.2, the Taylor series of g and g′ have the same

radius of convergence. Note that g′(x) = λ1ex

λ0+λ1ex and define the function h(·) on the complex

plane by h(z) = λ1ez

λ0+λ1ez , z ∈ λ. Since h is defined as a ratio of analytic functions, it is ana-

lytic on its domain Dh = {z ∈ C : λ0 + λ1e
z 6= 0}. Therefore, according to Theorem A.4,the
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radius of convergence of the Taylor series of h around the origin is equal to the radius of the

largest open ball centered at the origin on which the function h is defined. Therefore, to find

the radius of convergence we need to find the roots of equation λ0
λ1

+ ez = 0. Let z = a + ib

which implies ez = ea(cos(b) + i sin(b)). Then, λ0
λ1

+ ez = 0 ⇔ ea cos(b) = −λ0
λ1

and sin(b) = 0.

This is equivalent to a = log(λ0/λ1) and b = (2n + 1)π, n = 0,±1, . . . if λ0/λ1 > 0 and

a = log(−λ0/λ1) and b = 2nπ, n = 0,±1, . . . if λ0/λ1 < 0. Thus, the roots of the equa-

tion λ0
λ1

+ ez = 0 that are closest to the origin are z0 = log(λ0/λ1) ± iπ if λ0/λ1 > 0 and

z0 = log(−λ0/λ1)+ i0 if λ0/λ1 < 0. Therefore, the largest open ball centered at the origin that

is a subset of the domain Dh has radius equal to |z0| =
√

[log(λ0/λ1)]
2 + π2 if λ0/λ1 > 0 and

|z0| = | log(−λ0/λ1)| if λ0/λ1 < 0. This is the radius of convergence of the Taylor series of the

function h on the complex plane and the function g′ on the real line. This completes the proof. ¥

Next, we generalize the above result to the N -dimensional case.

Lemma A.9 Let γ > 0, λ0 ∈ R, λ− ≤ 0, and λ+ ≥ 0 where at least one of λ− or λ+ is

different from 0, and assume that λ = λ0 + λ− + λ+ > 0. Denote Λ = (λ0, λ
−, λ+) and define

the function

I(∆;Λ) = λ0 + λ+E(∆) + λ−M(∆), ∆ ∈ [0,∞), (A14)

where the functions E and M are defined in Lemma A.6. The function I(·;Λ) satisfies the

following properties: (i) I(0;Λ) = λ > 0, (ii) I(·;Λ) is strictly decreasing, and (iii) I(∆;Λ) →
−∞ as ∆ →∞. Hence, the inverse of I(·;Λ) is well-defined on (−∞, λ).

Proof. Note that, by assumption, λ+ > 0 or λ− < 0. From Lemma A.6, we have that E(0) =

M(0) = 1, E(·) is strictly decreasing with lim∆→∞ E(∆) = −∞, and M(·) is strictly increasing

with lim∆→∞M(∆) = ∞. Hence, I(0;Λ) = λ0 + λ+E(0) + λ−M(0) = λ0 + λ+ + λ− = λ > 0,

I(·;Λ) is strictly decreasing, and lim∆→∞ I(∆;Λ) = −∞. ¥

Lemma A.10 Let λ = (λ0, λ1, . . . , λN ) ∈ RN+1 where λ = λ0 + λ1 + · · ·+ λN > 0 and λn 6= 0

for at least one n ∈ {1, . . . , N}. Define the quantities

λ− =
N∑

n=1

min(λn, 0), λ+ =
N∑

n=1

max(λn, 0), (A15)

and denote Λ = (λ0, λ
−, λ+). Furthermore, define the function G(·) on RN by

G(x) =





1
1−γ (λ0 + λ1e

x1 + · · ·+ λNexN )1−γ if γ 6= 1,

log(λ0 + λ1e
x1 + · · ·+ λNexN ) if γ = 1,

(A16)
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where x = (x1, . . . , xN ) ∈ RN . Then, the Taylor series approximation

GM (x) =
∑

|m|≤M

1
m!

G(m)(0N )xm

converges uniformly to G(x) for all x ∈ [−∆, ∆]N , where 0 < ∆ < ∆∗(Λ) = I−1(0;Λ) and

I(·;Λ) is defined in Lemma A.9.

Proof. By Lemma A.9, I(·;Λ) is strictly decreasing and hence we have I(∆;Λ) > I(∆∗(Λ);Λ) =

0 for all 0 < ∆ < ∆∗(Λ). Let x ∈ [−∆,∆]N . Define the function Fγ(t;x) for t ∈ [−1, 1] by

Fγ(t;x) = G(tx1, . . . , txN )

=





1
1−γ (λ0 + λ1e

tx1 + · · ·+ λNetxN )1−γ , if γ 6= 1,

log(λ0 + λ1e
tx1 + · · ·+ λNetxN ), if γ = 1.

It follows that the m-th order derivative of Fγ(t;x) with respect to t is given

F (m)
γ (t;x) =

∑

|m|=m

m!
m!

G(m)(tx1, . . . , txN )xm1
1 · · ·xmN

N

and the M -th order Taylor series of Fγ(·;x) centered at 0 is

Fγ,M (t;x) =
M∑

m=0

1
m!

F (m)
γ (0;x)tm =

M∑

m=0


 ∑

|m|=m

1
m!

G(m)(0N )xm


 tm

and so

Fγ,M (1;x) = GM (x).

We seek to show that the Taylor series of Fγ(t;x) with respect to t centered at 0 converges to

Fγ (t;x) absolutely and uniformly in t ∈ [−1, 1] and x ∈ RN with |xn| ≤ ∆, for n = 1, . . . , N . We

claim that it suffices to show the result only for the case γ = 1. Note that when γ 6= 1, we have

Fγ(t;x) = 1
1−γ exp ((1− γ)F1(t;x)). Given that the Taylor series expansion of the exponential

function converges over the entire real line, the claim follows from Theorem A.3 which provides

conditions on the convergence of the Taylor series expansion for a composition of two functions.

Next, we focus on the case γ = 1 for which F1(t;x) = log(λ0 + λ1e
tx1 + · · ·+ λNetxN ). To show

absolute and uniform convergence with respect to t over [−1, 1] and x, it suffices to show that

the radius of convergence is greater than 1 uniformly in x. According to Theorem A.2, the

Taylor series of F1(t;x) and

F ′
1(t;x) =

N∑

n=1

λnxn
etxn

λ0 + λ1etx1 + · · ·+ λNetxN
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have the same radius of convergence. Next, for n = 1, . . . , N , define the function Hn of the

complex variable z by

Hn(z) =
ezxn

λ0 + λ1ezx1 + · · ·+ λNezxN
.

with domain DH = {z ∈ C : λ0 + λ1e
zx1 + · · ·+ λNezxN 6= 0}. The function Hn is defined as a

ratio of analytic functions and, hence, is analytic on DH . Therefore, according to Theorem A.4,

the radius of convergence of the Taylor series of Hn around 0 is equal to the radius of the largest

open ball centered at 0 on which the function Hn is defined. Letting z = a + ib we obtain

λ0 +
N∑

n=1

λnezxn =
[
λ0 +

∑N

n=1
λneaxn cos(bxn)

]
+ i

[∑N

n=1
λneaxn sin(bxn)

]
.

If λn ≥ 0, then λneaxn cos(bxn) ≥ λnE(xn) ≥ λnE(∆), and if λn < 0, then λneaxn cos(bxn) ≥
λnM(xn) ≥ λnM(∆). It follows that λ0 +

∑N
n=1 λneaxn cos(bxn) ≥ λ0 +λ+E(∆)+λ−M(∆) =

I(∆;Λ) > 0, for 0 < ∆ < ∆∗(Λ). This implies that the equation λ0 +λ1e
zx1 + · · ·+λNezxN = 0

does not have any roots on the closed unit disk D = {z : |z| ≤ 1} and so the closed unit disk

D is a subset on the domain DH , uniformly x ∈ [−∆,∆]N . Hence, the radius of convergence

of the Taylor series of Hn centered at 0 is greater than 1, uniformly in x. The same is true for

the real functions F ′
1(t;x) and F1(t;x) and the convergence of the Taylor series is absolute and

uniform in t over [−1, 1] and x ∈ [−∆, ∆]N according to Theorem A.1. Therefore, it follows

that Fγ,M (t;x) =
∑M

m=0
1

m!F
(m)
γ (0;x)tm converges to Fγ(t;x) absolutely and uniformly in t in

[−1, 1] and x ∈ [−∆, ∆]N . Hence, GM (x) = Fγ,M (1;x) converges to Fγ(1;x) = G(x) uniformly

in x ∈ [−∆, ∆]N . ¥

Lemma A.11 Let X be a bounded, closed, and convex subset of RN and f : X → R be a

continuous and strictly concave function on X. Let x∗ ∈ X denote the unique maximizer of

f over X, i.e., x∗ = argmaxx∈X f(x). If the sequence xM ∈ X satisfies f(xM ) → f(x∗), as

M →∞, then ‖ xM − x∗ ‖→ 0, as M →∞, for any norm ‖ · ‖ on RN .

Proof. Suppose that xM does not converge to x∗. Then, for a given ε > 0, there exists a

subsequence xK(M) such that ‖ xK(M) − x∗ ‖≥ ε, M = 1, 2, . . . Define the subset Qε of X

by Qε = {x ∈ X :‖ x− x∗ ‖≥ ε}. Clearly, Qε is closed and bounded and therefore compact.

Hence, there exists a subsequence of xK(M), denoted by xL(M), such that xL(M) → x̃ ∈ Qε, as

M → ∞. By the continuity of f , it follows that f(xL(M)) → f(x̃), as M → ∞. But f(xL(M))

is a subsequence of f(xM ) and so f(xL(M)) → f(x∗), as M →∞. This is a contradiction, since

x∗ is the unique maximizer of f on X and so f(x∗) > f(x̃). Therefore, the convergence of xM

to x∗, as M →∞, is established. ¥
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Lemma A.12 Let X be a bounded, closed, and convex subset of RN and f : X → R be a

continuous and strictly concave function on X. Let x∗ ∈ X denote the unique global maximizer

of f over X, i.e., x∗ = argmaxx∈X f(x). Moreover, for M = 1, 2, . . ., let fM : X → R be a

sequence of continuous functions. Let x∗M ∈ X denote a global maximizer of fM on X, i.e.,

x∗M ∈ argmaxx∈X fM (x). If fM (·) converges to f(·) uniformly in x ∈ X, then x∗M → x∗, as

M →∞.

Proof. First we show that, as M → ∞, f (x∗M ) → f(x∗). Note that f (x∗M ) − f (x∗) =

[f (x∗M )− fM (x∗M )] + [fM (x∗M )− f (x∗)]. The uniform convergence of fM (·) to f(·) implies

that fM (x∗M ) − f (x∗M ) → 0. Therefore, it suffices to show that fM (x∗M ) − f (x∗) → 0, as

M → ∞. Recall that, by assumption, fM (x) → f(x) uniformly in x ∈ X. Let ε > 0. Then,

there exists Mε such that

max
x
|fM (x)− f(x)| ≤ ε, ∀ M ≥ Mε ⇒ −ε ≤ fM (x)− f(x) ≤ ε, ∀ x ∈ X, ∀ M ≥ Mε.

Since x∗M is a global maximizer of fM , we have that, for all x ∈ X and M ≥ Mε,

fM (x∗M ) + ε ≥ fM (x) + ε ≥ f(x).

Hence, since x∗ is the global maximizer of f , we also have that, for all M ≥ Mε, fM (x∗M )+ ε ≥
f(x∗) which implies

f(x∗)− fM (x∗M ) ≤ ε. (A17)

Moreover, for all x ∈ X and M ≥ Mε, we have

f(x∗) + ε ≥ f(x) + ε ≥ fM (x).

It follows that, for all M ≥ Mε, f(x∗) + ε ≥ fM (x∗M ) which implies

−ε ≤ f(x∗)− fM (x∗M ). (A18)

Therefore, combining (A17) and (A18), we obtain −ε ≤ f(x∗)− fM (x∗M ) ≤ ε, for all M ≥ Mε

which establishes that f (x∗M ) → f(x∗), as M →∞. By assumption, the function f is continu-

ous, strictly concave, and is uniquely maximized at x∗. Therefore, applying Lemma A.11 yields

that x∗M converges to x∗, as M →∞, with respect to any norm ‖ · ‖ on RN . ¥
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B Proofs

Proof of Proposition 2.2. We claim that it suffices to show the result only for the case γ = 1.

To see this, note that when γ 6= 1, we have

u(dp) =
1

1− γ

(
cp +

γ

α
+ dp

)1−γ
=

1
1− γ

exp
(
(1− γ) log

(
cp +

γ

α
+ dp

))
.

Given that the Taylor expansion of the exponential function converges over the entire real line,

the claim follows from Theorem A.3 which provides conditions on the convergence of the Taylor

series approximation for a composition of two functions. Next, we focus on the case γ = 1 for

which u(dp) = log
(
cp + γ

α + dp

)
. According to Theorem A.2, the Taylor series of u and u′ have

the same radius of convergence. Note that u′(dp) = 1
cp+ γ

α
+dp

and define the function h(·) on

the complex plane by h(z) = 1
cp+ γ

α
+z

, z ∈ C. Since h is defined as the reciprocal of an analytic

function, it is analytic on its domain Dh = {z ∈ C : cp + γ
α + z 6= 0}. Therefore, according to

Theorem A.4,the radius of convergence of the Taylor series of h around the origin is equal to

the radius of the largest open ball centered at the origin on which the function h is defined.

The only root of the equation cp + γ
α + z = 0 is z0 = − (

cp + γ
α

)
and therefore the radius of

convergence is |z0| = cp + γ
α . Therefore, the Taylor approximation of the function u(dp) also has

radius of convergence equal to cp + γ
α . According to Theorem A.1, the convergence is uniform

when |dp| ≤ Dp where 0 < Dp < cp + γ
α . Finally, note that, as M →∞,

|E [uM (dp)]− E [u(dp)] | ≤ E [|uM (dp)− u(dp)|] ≤ max
|dp|≤Dp

|uM (dp)− u(dp)| → 0.

This completes the proof. ¥

Proof of Corollary 2.3. Define

ζ = min
{

Rp +
γ

α
, 2cp −

(
Rp − γ

α

)}
> 0

and choose Dp = cp + γ
α − ζ < cp + γ

α . From the definition of ζ, we have Rp ≥ ζ − γ
α and

Rp ≤ 2cp − ζ + γ
α . Therefore,

dp = Rp − cp ≥ Rp − cp ≥ ζ − γ

α
− cp = −Dp

and

dp = Rp − cp ≤ Rp − cp ≤ cp +
γ

α
− ζ = Dp

implying that the condition |dp| ≤ Dp holds. Finally, from Assumption 2.1, we have Rp > − γ
α

and hence the condition cp ≥ 1
2

(
Rp + Rp

)
implies the condition cp > 1

2

(
Rp − γ

α

)
. ¥

35



Proof of Proposition 2.4. The m-th term in the approximate expected utility (6) is given

by

τm =
1
m!
Ũ (m)(0)E

[
dm

p

]
=

(−γ)m−1

m!

(
cp +

γ

α

)1−γ−m
E

[
dm

p

]
.

Letting ` = L
cp+ γ

α
> 1, we observe that

E
[
d2m

p

] ≥ E [
d2m

p 1[|dp|≥L]

] ≥ L2mP [|dp| ≥ L] = `2m
(
cp +

γ

α

)2m
q.

It follows that

|τ2m| ≥ γ(γ + 1) · · · (γ + 2m− 2)
(2m)!

(
cp +

γ

α

)1−γ
`2mq →∞

since ` > 1. Hence, the sequence τm does not converge to zero and, as a result, the series

representing the approximate expected utility in (6) is not convergent. ¥

Proof of Proposition 2.6. The expression for the radius of convergence as well as the uni-

form convergence on any interval [−∆p, ∆p] where 0 < ∆p < ∆∗
p and ∆∗

p is defined by (17), are

immediate consequences of Lemma A.8 upon using λ0 = γ/α+A, λ1 = BeCκy and x = Cδy. ¥

Proof of Proposition 3.2. To show continuity of V , fix ω ∈ Ω and consider a sequence ωM ∈
Ω with ωM → ω, as M → ∞. Then V (ωM ) = E [U(Rf + ω′MR)]. Since, by assumption 3.1,

the support of R, denoted by SR, is compact and ωM → ω, it follows that Rf + ω′MR lies

on a compact set, for all R ∈ SR and all M = 1, 2, . . . The continuity of U then implies that

there exists a bound K > 0 such that |U(Rf + ω′MR)| ≤ K for all R ∈ SR and all M =

1, 2, . . . Hence, we can apply the dominated convergence theorem to pass the limit inside the

expectation and obtain limM V (ωM ) = limM E [U(Rf + ω′MR)] = E [limM U(Rf + ω′MR)] =

E [U(Rf + ω′R)] = V (ω). Hence, continuity of V is established.

To show strict concavity of V , let λ ∈ (0, 1) and ω1, ω2 ∈ Ω with ω1 6= ω2. Then, by the

no-redundancy condition, it follows that P[R ∈ H] > 0 where H = {x ∈ RN : (ω1−ω2)′x 6= 0}.
Strict concavity of U implies that

U
(
λ(Rf + ω′1R) + (1− λ)(Rf + ω′2R)

) ≥ λU
(
Rf + ω′1R

)
+ (1− λ)U

(
Rf + ω′2R

)

for all R ∈ SR while the inequality is strict for R ∈ H. Since P[R ∈ H] > 0, taking expectations

yields V (λω1+(1−λ)ω2) > λV (ω1)+(1−λ)V (ω2) and so strict concavity of V is established. ¥

Proof of Proposition 3.3. First, note that there exists 0 < θ < 1 such that Dn ≤ θ(Rf +

cn + γ
α) for all n = 1, . . . , N . It follows that

|dp(ω)| = |ω′d| ≤
N∑

n=1

ωn|dn| ≤
N∑

n=1

ωnDn ≤ θ

N∑

n=1

ωn

(
Rf + cn +

γ

α

)
= θ

(
cp(ω) +

γ

α

)
.
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Hence, |dp(ω)| ≤ D where D = θ
(
cp(ω) + γ

α

)
< cp(ω) + γ

α uniformly in ω and d. The uniform

convergence of ṼM (·) to V (·) now follows from Proposition 2.2. The convergence of ω̃M to ω∗

then follows from Lemma A.12. ¥

Proof of Corollary 3.4. The proof follows the steps in the proof of Corollary 2.3. ¥

Proof of Proposition 3.5. According to equation (24), we have

Ũ(d;ω) =
1

1− γ

((
Rf +

γ

α
+ ω′c

)
+

N∑

n=1

ωndn

)1−γ

. (B19)

Let λ0(ω) = Rf + γ
α +ω′c and λn(ω) = ωn, n = 1, . . . , N . Since, by assumption, cn ∈ [Rn, Rn],

n = 1, . . . , N , then Assumption 3.1 implies that λ0(ω) ≥ ε > 0. Hence, for a given portfolio

allocation ω, applying Lemma A.7 with G = Ũ(·; ω) and x = d, we obtain that the approxi-

mate utility ŨM (d; ω) converges to the exact utility Ũ(d;ω) uniformly in d ∈ [−D, D]N with

0 < D < D∗(ω) where D∗(ω) = λ0(ω)∑N
n=1 |ωn| = Rf+ γ

α
+ω′c

|ω|′1 . It follows that the ŨM (d; ω) converges

Ũ(d;ω) uniformly in d ∈ [−D, D]N and ω ∈ Ω, with 0 < D < D∗ where D∗ is defined by

equation (31). This, in turn, implies that the approximate expected utility ṼM (ω) converges

to the exact expected utility Ṽ (ω), uniformly in ω ∈ Ω, as M → ∞. The convergence of ω̃M

to ω∗ then follows from Lemma A.12. ¥

Proof of Corollary 3.7. Note that

|dn| = |Rn − cn| =
∣∣∣∣Rn − Rn + Rn

2

∣∣∣∣ ≤
Rn −Rn

2
≤ R−R

2
= D.

Therefore, it follows from condition (32) that Proposition 3.5 is applicable. ¥

Proof of Proposition 3.8. According to (38), we obtain

Û(δ; ω) =
1

1− γ
R1−γ

f

[(
1 + γ

αRf
+ ω′A

)
+

N∑

n=1

(ωnLn) eCnδn

]1−γ

,

where A = (A1, . . . , AN )′ and Ln = BneCnκn , n = 1, . . . , N . Let λ0(ω) = 1 + γ
αRf

+ ω′A,

λn(ω) = ωnLn, n = 1, . . . , N , λ−(ω) =
∑N

n=1 min(λn(ω), 0), λ+(ω) =
∑N

n=1 max(λn(ω), 0),

and Λ(ω) = (λ0(ω), λ−(ω), λ+(ω)). Note that λ0(ω) + λ1(ω) + · · · + λN (ω) equals γ
α plus

the portfolio return realization for δn = 0 or equivalently yn = κn, n = 1, . . . , N . Since

κn ∈
[
y

n
, yn

]
, Assumption 3.1 implies that

∑N
n=0 λn(ω) ≥ ε > 0. Hence, for a given ω ∈ Ω,

applying Lemma A.10 with G = Û and xn = Cnδn, n = 1, . . . , N , we obtain that the approxi-

mate utility ÛM (δ; ω) converges to the exact utility Û(δ;ω), uniformly in δ ∈ [−∆, ∆]N , where
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0 < ∆ < ∆∗(Λ(ω)) = I−1(0;Λ(ω)). Note that I−1(0;Λ(ω)) is well-defined since, according to

Lemma A.9, I−1(·;Λ(ω)) is defined on (−∞, λ(ω)) where λ(ω) = λ0(ω) + λ−(ω) + λ+(ω) =∑N
n=0 λn(ω) ≥ ε > 0. It follows that ÛM (δ; ω) converges to Û(δ; ω) uniformly in δ ∈ [−∆, ∆]N

and ω ∈ Ω, with 0 < ∆ < ∆∗ where ∆∗ is defined by equation (45). This, in turn, implies

that the approximate expected utility V̂M (ω) converges to the exact expected utility V̂ (ω),

uniformly in ω ∈ Ω, as M →∞. The convergence of ω̂M to ω∗ then follows from Lemma A.12.

¥

Proof of Corollary 3.9. Under the stated assumptions and using the notation in Proposi-

tion 3.8, we have λn(ω) = ωnLn ≥ 0, n = 1, . . . , N . Hence, λ−(ω) = 0, λ+(ω) = ω′L, and

I(∆;Λ(ω)) =
(
1 + γ

αRf
+ ω′A

)
+ (ω′L)E(∆). It follows that

I−1(0;Λ(ω)) = E−1

(
−

1 + γ
αRf

+ ω′A

ω′L

)

and, therefore, the proof is complete. ¥
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C Tables

Table 1: Correlation between rankings based on exact and approximate expected utility

The table reports the Spearman correlations between the ranks of 11 portfolios based on exact and approx-
imate expected utility calculations. The utility function is CRRA with risk aversion γ. The portfolio gross
returns Rp = exp(rp) are assumed to be lognormally distributed. The mean µR and the standard deviation
σR of Rp are drawn at random from the intervals [µ, µ] and [σ, σ]. We consider two cases calibrated to quar-
terly and annual equity returns. The intervals are selected to roughly match the corresponding frequency.
In the case of quarterly returns, we use [µ, µ] = [1.03, 1.06] and [σ, σ] = [0.10, 0.15], while in the case of
annual returns, we use [µ, µ] = [1.10, 1.20] and [σ, σ] = [0.20, 0.30]. The reported Spearman correlations are
averages across 10,000 simulation repetitions. We consider two Taylor approximations. The first is based on
the decomposition of the gross portfolio return Rp = cp +dp while the second is based on the decomposition
of the log portfolio return rp = κr + δr. We set cp equal to the midpoint of the support of Rp truncated at
its 0.5 and 99.5 percentiles, and κr equal to the mean of rp.

Order of approximation
M = 2 M = 4 M = 6 M = 8

Quarterly returns

Gross return decomposition

γ = 2 0.9861 0.9992 0.9999 1.0000
γ = 4 0.9500 0.9955 0.9995 1.0000
γ = 6 0.8916 0.9878 0.9982 0.9999
γ = 8 0.8226 0.9767 0.9955 0.9995

γ = 10 0.7478 0.9622 0.9914 0.9985

Log return decomposition

γ = 2 0.9998 1.0000 1.0000 1.0000
γ = 4 0.9965 0.9999 1.0000 1.0000
γ = 6 0.9874 0.9991 0.9999 1.0000
γ = 8 0.9750 0.9971 0.9996 1.0000

γ = 10 0.9607 0.9939 0.9990 0.9998

Annual returns

Gross return decomposition

γ = 2 0.9502 0.9933 0.9990 0.9996
γ = 4 0.8173 0.9646 0.9922 0.9988
γ = 6 0.6327 0.9042 0.9735 0.9986
γ = 8 0.4461 0.8143 0.9383 0.9895

γ = 10 0.2848 0.7060 0.8866 0.9718

Log return decomposition

γ = 2 0.9994 1.0000 1.0000 1.0000
γ = 4 0.9898 0.9990 0.9999 1.0000
γ = 6 0.9653 0.9938 0.9989 0.9998
γ = 8 0.9305 0.9820 0.9951 0.9987

γ = 10 0.8919 0.9646 0.9874 0.9954
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Table 2: Certainty equivalent loss from Taylor approximation

The table reports the certainty equivalent loss incurred by the approximate solution based on Taylor ap-
proximation using the quadrature-based solution as benchmark. The utility function is CRRA with risk
aversion γ. There is one risk-free asset with annualized gross rate equal to 1.05 and 3 risky assets with log
excess returns following a joint normal distribution. The parameters of the log excess return multivariate
distribution are drawn at random in a fashion detailed in subsection 3.3. The reported certainty equivalent
losses are stated in annualized basis points and are computed as the medians across 1,000 simulation repe-
titions. We consider two Taylor approximations. The first is based on the decomposition of the gross risky
asset return Rn = cn +dn, n = 1, 2, 3, while the second is based on the decomposition of the log excess risky
asset return rn = κn + δn, n = 1, 2, 3. We set cn equal to the midpoint of the support of Rn truncated at
its 0.5 and 99.5 percentiles, and κn equal to the mean of rn.

Order of approximation
M = 2 M = 4 M = 6 M = 8

Quarterly returns

Gross return decomposition

γ = 2 1.04 0.00 0.00 0.00
γ = 4 4.97 0.02 0.00 0.00
γ = 6 15.50 0.11 0.00 0.00
γ = 8 40.37 0.40 0.00 0.00

γ = 10 109.27 0.81 0.01 0.00

Log return decomposition

γ = 2 0.02 0.00 0.00 0.00
γ = 4 0.07 0.00 0.00 0.00
γ = 6 0.17 0.00 0.00 0.00
γ = 8 0.36 0.00 0.00 0.00

γ = 10 0.47 0.00 0.00 0.00

Annual returns

Gross return decomposition

γ = 2 6.14 0.08 0.00 0.00
γ = 4 37.34 0.96 0.03 0.00
γ = 6 109.76 4.27 0.23 0.01
γ = 8 242.30 15.93 1.02 0.06

γ = 10 455.51 53.23 3.05 0.19

Log return decomposition

γ = 2 0.12 0.00 0.00 0.00
γ = 4 0.47 0.01 0.00 0.00
γ = 6 1.24 0.03 0.00 0.00
γ = 8 2.33 0.08 0.00 0.00

γ = 10 4.48 0.16 0.00 0.00
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